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About/Usage

These are some notes Christiana Drake took about STA131B typeset by Ramneek Narayan
after he completed the course. They aim to be easy to read and provide more precision in
content. If there are any typos, let the writers know, we appreciate it.

How to use this Book

This book was written with the student in mind and comes with colored environments to
make reading easier. In addition, at the end of each environment are symbols used conclude
the environment (show that it is completed); they are there for organization and for your
ease of reading. We list the environments below for clarity:

Example = Red Violet concludes with '’
Remark = Teal concludes with "¢’
Definition = concludes with '&’
Theorem = Royal Purple concludes with '

Proposition = Mulberry concludes with 'TJI'

Lemma = concludes with 'J'
Note = concludes with oo’
Corollary = concludes with '’

Emphasis = Royal Blue concludes with s’

Extra = has no symbol to conclude



HOW TO USE THIS BOOK I

Read at your own pace and if anything doesn't make sense, argue with the instructor (this
is how we make more knowledge)! It makes sense at the end if nothing comes to the mind
immediately. We hope you enjoy reading it!



Overview of STA131B

""Statistics is the art and science of gathering, modeling and making inference
from data."

What you need to know to succeed in this course

In order to do well in this course, it will help if you are familiar with...

1. Basic probability
— if A=event, then 0 < P(A) < 1forevery ACS

— For A1, A disjoint events: P(A; UAy) = P(A;) + P(Az) and P(A1NA) =9

- P(S)=1and P(@) =0
2. Conditional probability (including Bayes' Theorem)
P(ANB
- P(AIB) = “5
- P(ANB) = P(A)P(B) or P(AIB) = P(A)

3. Random variables and probability distributions...

e Discrete and continuous random variables

Probability mass function and density function

Cumulative distribution function

Univariate and bivariate distributions

Marginal distributions and bivariate distributions
e Functions of one or more random variables

4. Mathematical expectation...



WHAT YOU WILL KNOW BY THE END OF THIS COURSE \Y,

e Mean, variance and other moments
e Marginal and conditional moments
5. (Strong/Weak) Law of Large numbers and Central Limit Theorem

— Weak Law of Large Numbers: If X, X5, ..., X,, is a sequence of i.i.d random
variables, then X 2 1 as n — 00 or limy_e P(|Xn — | > €) = 0.

6. Special distributions...

e Bernoulli, Binomial and Hypergeometric distribution

Poisson and Negative Binomial distribution

Normal distribution

Gamma distribution (including exponential)

Beta distributions (including uniform)
e Bivariate Normal and Multinomial distribution
7. Transformation of variables
e Univariate transformation and probability integral transformation
— Probability Integral Transform: If X ~ F, then Y = ¢(X) ~ U

e Bivariate transformation of variables

What you will know by the end of this course

The focus in this course will be on principles of estimation and hypothesis testing.

1. General concepts in estimation...
e Bayes' Estimators
e Method of Maximum Likelihood (MLE’s)
e Sufficient Statistics
2. Distributional properties of estimators
e The sampling distribution of a statistic
e the t-distribution and x? distribution in estimation

e Calculating and interpreting confidence intervals



WHAT YOU WILL KNOW BY THE END OF THIS COURSE Vv

e Unbiased estimation and Fisher information
e Bayesian inference
3. Hypothesis testing
e Simple hypothesis; type | and type Il error and most powerful tests
— Simple Hypothesis: Hy: = o vs. Ha i b = g
e Composite hypothesis and uniformly most powerful tests
e Likelihood ratio test
e p-values
e t-tests
e [-tests
e Relationship between a hypothesis test and a confidence interval
e Bayes' procedures in hypothesis testing

1

Note: For this class, the tools we will be using are mathematics and probability (131A and its
prerequisites are required for 131B). Pioneers of modern statistics include K. Pearson, R.A.
Fisher, J. Neyman. 00

Below is a visual depiction of the general statistical framework:

Data Generation
Real World (Random Samples,

Experiments)

Prediction, under- Statistical Mod-
standing, insights, eling: Collecting

conclusions Data/Parameters

(Estimation/Testing] [ Stat. Inference ]




WHAT YOU WILL KNOW BY THE END OF THIS COURSE

In this course we outline statistics as follows:

{Statistical Inference}

Estimation

Testing

[HOZGEQOVS. /—IA:9§ZQOJ

Interval

Estimation

Point
Estimation

Obtain est. § for}

Obtain ClI
for 6

6 € Q, given data

Outline of statistics



Chapter 1 — Inference: Estimation

We begin by discussing the difference between probability and statistics. Both are different,
though related, fields and require different ways of interpretation. We use a simple coin-flip

example to show probability and its aims. We will record the set of outcomes as S = {H, T}
for clarity.

Probabilist View

1. If the coin is fair, then

2. If we set X = # of heads in 10 flips, then

X ~Bin(h=10,p=1/2)

3. If we set Y = # of flips until (before) first heads, then

Y ~ Geometric(p = 1/2)

1

p.m.f. P(Y = y|p=1/2) = <§)y+1

4. If we set T = # of tails until (before) 10 heads, then
T ~ NegBin(r =10,p=1/2)
and its p.m.f is described by

10+t—1) (l) 10+t Vi e N
t 2
O.W.

P(T =tlr=10,p=1/2) = {(()



1.1. PROBABILITY VS. STATISTICS 2

1

The probabilist view uses these probability models to build probabilities of interest. -

Now be discuss the methods of a statistical model:

In a statistical model, we set
X = outcome of some experiment £

Now E could be flipping a coin once, a fixed number of times, or until the first occasion of
some event of interest and the question is: is the coin fair? The statistician asks whether
the coin is fair and how to reasonably answer that question using probabilisitic methods.

To do this, the statistician creates a model/experiment to answer the question about the coin.
For the above, there are several approaches to obtaining data to answer that question and
each approach has a somewhat different probability model. \We give now the steps toward
making a statistical model:

Steps to Make a Statistical Model
1. ldentify the random variables of interest: X,Y, Z, &etc... from before
2. Specify the joint distribution or family of joint distributions
3. Identify the parameters of interest (both known and unknown)
4

. (Possibly) Set 6 = unknown parameter as fixed but unknown or random and create
a probability distribution for 6. If either case, we consider the distribution of X as
conditional on 6 or X|0 that describes behavior of phenomenon

(L

Example 1.1.1 (Statistical Modeling).

1. Suppose X1, Xo, ..., X, i Exp(\) and specify the times until failures of tires. We know

f(x;) = Ae ™
then the joint distribution becomes

f(x1, X0, ..., Xn|A) = H F(x) = AT



1.1. PROBABILITY VS. STATISTICS 3

2. Suppose X, ..., X, = # of heads in 10 flips of a coin, then
X; ~ Bin(n = 10, p)

and the joint distribution is

f(x1,.... xalp) = H f(x)= H (1,0) (p)%(1— p)lofx,

3. Suppose Xy, ..., X, 1 N(u,0?) where 8 = (u,0?) are unknown. Then, the joint
distribution is

Pl 0?) = [] 00) = [[ == e {‘% (*=*) }

v

Generally we denote a model parameter by 6 as seen in the example above and the distribution
by P and the random observable (or possibly hypothetically observable) by X. Before moving
on, we give one definition of the set of values a parameter 8 can take.

Definition 1.1.1 (Parameter Space). A parameter space (2 is the set of all possible values
a parameter 6 can take.

L J

In summary then, the components to a statistical model are:
1. X = random quantity
2. P = probability model (distribution) indexed by parameter 6
3. €2 = parameter space of possible parameter values

More formally and succinctly, we can specify a statistical model as

Definition 1.1.2 (Statistical Model). A statistical model consists of random variables fol-
lowing some distribution under a parameter belonging to some set, i.e.

X1, X (P 0 €Q)

These can be seen already in the examples we have given:



1.1. PROBABILITY VS. STATISTICS 4

Example 1.1.2 (Identifying Statistical Models).

1. Exponential Model
e P = exponential distribution
e 0 = X\ (usually generic parameter rate)
e Q= (0,00)
2. Binomial Model
e P = binomial distribution
e =p
e Q=10,1]
3. Normal Model
e P = family of normal distributions
o 0= (u,o0)or(u o2

e 1€ (—00,00) and 02 € (0, 0) hence,

Q = (—00,00) x (0, 00)

Now that we know about models, we can start answering some of the questions they are
about. We call these statistical inferences. More formally,

Definition 1.1.3 (Statistical Inference). A statistical inference /s a procedure that results
in a probabilistic statement about some or all parts of a statistical model.

L J

Note: In this class, we will be concerned with parametric inference, i.e. a model with a
known distribution family P, indexed by an unknown parameter 8. We can also assume the
family is unknown but this would be a non-parametric setting. o0

So, what are some problems statistical inference can solve? We give some below:



1.2. METHOD OF MAXIMUM LIKELIHOOD ESTIMATION (MLE) 5

Classification of Problems

Prediction: Machine Learning

Statistical Decision Problems: Estimation and Testing

Experimental Design: note that the book talks about this in classical design situation
but you can also think of it in cases of observational data as well

Other Types...

(L

Remark 1.1.1. We will study MLE first, then bayesian inference. This is 7.5-6 first in the
book, then 7.2-4 |ater.

1.2 Method of Maximum Likelihood Estimation (MLE)

Before discussing the MLE method, we give a precise definition of a statistic. You may have
heard of them in previous classes as anything that can be computed given the data. We use
this idea to create a concise definition of a statistic:

Definition 1.2.1 (Statistic). A statistic is a real-valued function of the data X1, ..., X, noted
as
T =@(X1,..., Xp)
—————

observable

Example 1.2.1 (Common Statistics). Some statistics that are common in statistics are:
1. Sample mean: X
2. Sample maximum: X = max{Xi, ..., Xn}
3. Sample variance: 62
4. (Just for fun) Arbitrary function: o(X1, ..., X,) =3

Basically we can think of a statistic as a function of sample values that have no unknown
parameters.

4



1.2. METHOD OF MAXIMUM LIKELIHOOD ESTIMATION (MLE) 6

With this definition in mind, we can now study the MLE since it is (as you will see) a statistic
as well. In practice, we rarely know the distribution parameter 8 in advance, so it is useful to
make a "best guess". To do this, we begin with the concept of a likelihood function which
measures how likely a given value of a parameter 6 is given observed our data.

Definition 1.2.2 (Likelihood Function). Let Xy, ..., X, i Py with joint p.d.f (or p.m.f)

f(x1, ..., xal0) = f[ f(x:16)

where we assume 0 is unknown. When viewed as a function of 8 for a fixed set of data points,
the joint p.d.f/p.m.f is known as the likelihood function:

L(O|x1, ..., Xn) ~F H f(x:10) (Likelihood Function)
i=1

where ~g means "has the same form as". Note, however, f(xy, ..., x,|0) and L(0]x1, ..., X,)
are different objects. One describes the chance of observing the data for a given 6 but the
other describes the chance of observing 6 given that the data is already observed.

L J
Note: Although
/ L(O|x1,....,x,)d0 =1
Q
not always, we can regularize £ to give £’ such that
LO|x1, ..., Xn)
L0|xi,....,xn) =
(Bt w0 ) o L(6lx1, .., )0
note that this is a monotone transform (mapping). 00

Example 1.2.2 (Exponential Likelihood). Suppose X1, ..., X, i Exp(X\) then the joint distri-

bution of the data is written as
f(x, ... xalA) = [ ] F(alN)
i=1
Now, f(x;j|X\) = Xe=™ and this makes the joint p.d.f as

F(xt, ... xplA) = [ [ Ae™ = Ae 2
=1
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and hence
‘C(A’XI. -..,Xn) = )\”e*%Zx/

Now that we know what the likelihood is, we can define the MLE or éMLE:

Definition 1.2.3 (MLE). The MLE or Oumie is the value of 6 such that the likelihood
L(0|x1, ..., x,) Is a maximum. Note, this is the mode of the regularized likelihood function L'.
We can write this as

OyLe = arg max L(0|x1, ..., Xn)
139)

L J

In practice, it is intractable to work with the likelihood function itself, so we take the natural
logarithm of it and call it the log-likelihood that is

log(L(B|x1, ... Xn)) = £(O|x1, ..., Xn)

Note: Since the logarithm is a monotone transform (mapping), the maximum argument of
L(0|x1, ..., Xp) is the same maximum argument as that of £(8|x, ..., x,). Hence,

Oy = arg max L(0|xi, ..., x,) = argmax £(0|xq, ..., X,)
139) 9eQ

The MLE can be thought of as an estimator in the sense that it has the potential or use of
estimating the true value of the parameter 8 € €2. In general, we define an estimator as

Definition 1.2.4 (Estimator). An estimator 0(X, ..., X,,) is any random statistic contained
in the parameter space. In other words if

0(Xq, ..., X,) € Q (2 = parameter space)

then, 6(X1, ..., X,) Is an estimator of 8. Note that ¢ is a function such thaté : Xy, ..., X, = €.
LJ

We then obtain a proposition about the MLE:

Proposition 1.2.1 (MLE is an Estimator). The MLE is an estimator of 6.

Proof. Note that for £ and £ the domain is 2 by definition. It then follows (if we assume
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the data is unobserved) that

Oy e = arg max L(6| X1, ..., Xp)

0eQ
= arg max£(0| X1, ..., X)
6eQ
= 6(X1, ...,Xn)
as we sought to show. O

Concept Note: The unobserved MLE is an estimator. Once, we collect the data, the
observed MLE is called an estimate. In symbols,

éMLE(Xl, ..., X,) = estimator

éMLE(xl, ..., Xp) = estimate

How to find MLE

1. Brute force: use a search algorithm to find the maximum of the function. We could
also use a graphical procedure too.

2. Often we can use calculus

(L

Example 1.2.3 (MLE of Exponential). Suppose Xi, ..., X, i Exp(\). Then, we know from
Exponential Likelihood the form of the likelihood function is

LOX1, ooy Xn) = Ne A XX
We can make a log-likelihood out of this

L(N|x1, ..., xn) = nlog(X\) — Aix,—

i=1
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Since this is a smooth function, we use calculus to find the maximum via derivatives

dX A —
n n
= X = ;X,'
=) L 1/
=1/x
MLE ST X

v

Note: We can verify an extreme value as an MLE by taking the 2nd derivative and performing
the second derivative test. 00

We now give two more examples of computing the MLE using the Bernoulli and Normal
Distributions.

Example 1.2.4 (Sampling from Bernoulli). Suppose X, ..., X, i Bernoulli(p). Then,
P(X = x) = p*(1 — p)'™~*
and the likelihood becomes

L(plx, ... xa) = [ (1 = p)* =
i=1

= pZ/Xi(]_ _ p)”*Z/X:‘

() oo

It then follows that the log-likelihood is

(p) = (Zx,) (log(p) —log(1 — p)) + nlog(1 — p)

=1
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Using calculus we find

DiXi n—=Y.X
U(p) ==— — =0
(p) 5 s
N DX _ n—> X
p I-p
n n
- (z) A= P == P>
i=1 i=1
N . Z,‘Xi = ]
— PMLE = = X = sample mean (proportion)

Example 1.2.5 (Sampling from Normal). Suppose X1, ..., anisl/\/’(,u,, 0?). Then, the likelihood

function is ,
1L (x—pu
E(,U, (o) |X1 ...,Xn)—H\/W {—5( p ) }

which implies that the log-likelihood is

e, 0|1, ..., Xn) = ——|09(27r) — —Iog (Z( 55 — ) >

From here there are three cases for the information given about the parameters:

Case 1: (02 known, u unknown) In this case we only have one variable to maximize,
so the maximum is found via calculus:

e 1 ‘
d—M:T'QQ(Z(Xf—M)) =

i=1
n

— >
i=1

= fmre =X

Just as we would have expected
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Case 2: (02 unknown, u known) We again proceed as we did with w:

¢ d 1 <,
do _ do <—”|09(U)— QT‘Q;(X/ — ) )

n o8& -
——E—FT._E};(X/_M) =0

as would have guessed

Case 3: (u,0? unknown) In this case we must optimize with respect to both parameters.
We thus have to take derivatives with respect to both u and o and obtain the likelihood
equations (same as the ones we already computed):

o 1<
=1
ol n 1 &
i=1

From (1.2.1) we get as before

Oy = X (this doesn't involve o2at all)

and from (1.2.2) we also get
g = — s —
MLE = 7 1 X; — f1)
iz

= % i(X,‘ — )_<)2

In a bivariate normal distribution, we assume to observed a pair of observations (X1, X») such
that X; ~ N(u1,02) and Xo ~ N(uz, 03) and an association between X; and X, can exist
or Cov(Xy, X3) # 0 possibly. The context of the bivariate distribution has to do with linear
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regression’. If we consider this context, then the joint distribution between X; and Xs, we
can be written it as

(X1, X2) ~ BVN(iZ, X)
()

0'2 012
Y=t 75 (covariance matrix)
012 05

2
01 p0102
2
pP010> g5

The joint density function is then given as

where

and

1 T L = X1
f(Xl,Xz):WeXp{(X—M) 2 (X—M)} (X: (Xz))
This is fine by itself, but we can expand it for calculations. First we begin with |X|:

X| = 0705 — 0%,
= 0%03 - (p0102)2
~ oto? - ot
= 0305(1 —p°)

1/2

The normalizing constant 1/27|%|*/< is then

1

2M01054/1 — p?

Expanding the exponent we see the vector-matrix calculation is expanded as

-
(Xl - Ml) 51 (Xl - Ml)
Xo — U2 X2 — 2

and ¥~ ! can be written as

1See the Appendix for more information
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v-1— 1 05  —01
0203(1 —p?) \—012 0}
1 ( 1/0? —p/0102>

T 1-p2\—p/ooy  1/03

after some algebra and simplification, we get the final result for the exponent:

_2(1i02) [(Xl ;1M1)2 % (Xl ;1M1) (X2 ;2M2) i <X2 ;2M2)2]

This makes the alternate form of the bivariate normal distribution as

Bivariate Normal p.d.f

f(x1, %) = 27T\/(1—17p2)0102 exp { ~ a0 i ) [ (Xl ;1M1)2 — 20 (Xl ;1u1> <X2 ;2M2>

Now we can see what the likelihood estimates for this distribution are.

Example 1.2.6 (Bivariate Normal Likelihood). The form of the likelihood for this distribution
Is

n

. 1 1 X1/—/Ja1>2
L=]]f(xi xi)= expq —
:I-l_Il ( ' 2) 11:! 27'('0'10'2\/ 1 —p2 p{ 2(1 _:02) [( 01

X1i — M1 Xoj — M2
- 2,0 01 (00)

Here, there are 5 unknowns w1, o, 01,0», 012 and if we solve the simultaneous likelihood



1.2. METHOD OF MAXIMUM LIKELIHOOD ESTIMATION (MLE) 14
equations we arrive at

f1 = X1

fo = X

o 1 _

U% = n Z;(Xli — X1)2

1 n

63 = E ;(Xgi — )?2)2

G1o = BN B 5

12 = E Z;(Xll - Xl)(X2/ - Xz)

v

We now give a summary about the properties of the bivariate normal distribution.

Facts about the Bivariate Normal Distribution
1. Each marginal distribution is normal, i.e. X; ~ N(u;, 0?) for all i € {1,2}
2. Each linear combination of Xi, X5 is also normal, that is if
1= a1 X1+ aX>+ a3
Zy = b1 X1+ boXy + b3
then Z;, Z5 also follow a bivariate normal distribution
3. The conditional distribution of X; given X5 is normal with

Xo —l/«2>

02

E(X1|Xa) = 1 + o0 (
V(X1|X2) = (1 - p*)o}

and

X, —
E(X2|X1):,U/2+p0'2( 10_ 'u,1>

1

V(X3|X1) = (1 - p*)o5
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Proof. To find the conditional distribution we proceed as follows

Flxolx) = %

1
. 2mwo1004/ 1—p? eXp{A}
T35 exp{B}

where

This results in the simplification

f(xolx) = ! X ex ! e 2+
= /2102 /1 = 2 P (1-p°) o1
20 (Ca—p)le—p) 1 <X2 - M2)2
2(1 — p?) 0105 (1—p2) lop

1(x— ?
2 01
We then collect the terms and simplify (there is a perfect square in the exponent above),

we arrive at a form for f(xx|x;) that is of a normal distribution with mean and variance
given in fact #2. This concludes the proof. O

4. If there is no association between X7, X5, then the joint distribution is a product of the
marginal distributions (independence between normal variates).

Proof. We begin with the simplified p.d.f for the bivariate normal and factorize it ac-
cordingly:

1 1 X1 — M1 ? X — 2 ?
f = —=
() 2Mo107 exp{ 2 [( o1 ) * ( 02 ) ] }

1 . 1 <X1—M1)2 o 1 . 1(X2—/1«2>2
=S X —= X __
V2o, P 2 01 V270, P 2 (o

= f(x1) X f(x2)
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which shows what we sought. U

We now give some examples of how other methods of calculating the MLE are better used
rather than calculus. These are discrete in nature.

Example 1.2.7 (Screening Test). Suppose a test for a disease has the property:
e Positive if disease presented with probability 0.9 (true positive)
e Positive if no disease presented with probability 0.1 (false positive)

A test result X could be a binary variable where

1 test positive
0 test negative

We want to estimate or determine the chance if a subject has the disease given the result of
our test is positive. In this case, the parameter space (values of probabilities we choose) has
two values

Q={0.1,0.9}

We set

8 = 0.1 when person tested does not have disease
6 = 0.9 when person tested has disease

then, P(X = x|0) = 6*(1 — )1~ and as a function of 6, this is a likelihood function. [t
returns a probability of true positive/false positive under the true outcome of the person.
Now, if X = 0 (test negative), then

0.9 if6=0.1 (error)

P(X =0|0) =
( %) {0.1 if6 =0.9 (no error)

so the MLE is the value with the highest chance, or 8 = 0.1 if the test is negative. Similarly,

0.9 if6=0.9 (no error)

P(X =11]0) =
( %) {0.1 if6 =0.1 (error)

so the MLE is 8 = 0.9 if X = 1 is observed. Thus, the values of the MLE are

5 o1 ifx=o0
MEET Y09 ifX =1



1.2. METHOD OF MAXIMUM LIKELIHOOD ESTIMATION (MLE) 17

Example 1.2.8 (Sampling from Uniform). Suppose Xi, ..., X, i U(0, 0), that is

Fx8) = {1/9 x € [0, 6]

0 else
The joint p.d.f is given by

1/6" Vx €]0,0]
0 0. W.

f(xq,..., xy|0) = {

Now, any estimate of 6 must meet or exceed x; for all i € {1, ..., n}. Since 1/0" is decreasing
in@,

e the larger 0, the smaller 1/6"

) éML g Is the smallest value that 0 can be while still leaving the likelihood non-zero. This
occurs when 6 = max;{x;}.

Hence,
Ovie = 1@?§>§7{X’}
v
Remark 1.2.1.
Some facts about MLE
1. They do not always exist
2. They are not always unique (multiple can exist)
¢

The following examples will help illustrate these ideas.

Example 1.2.9 (Non-Existent MLE). Consider Sampling from Uniform but with a slight

modification:
1/6 € (0,0
F(x]0) = { /0 x<(0.6)
0 o.W.
Since x € (0,8) we can not have Oy g = max{x, ..., x,} because 8 # x; for all i € {1, ..., n}.

We can, however, choose éMLE to be arbitarily close to max{xy, ..., x,} but can never equal
max{xy, ..., X, }. Hence, the MLE cannot exist.



1.2. METHOD OF MAXIMUM LIKELIHOOD ESTIMATION (MLE) 18

iid

Example 1.2.10 (Non-Unique MLE). Consider Xy, ..., X, ~ U[0,0 + 1] for all 6 € R. Then,

the p.d.f for each X; is
1 = 0,0+1
f(x]0) = {O %€l ]

o.W.
This makes the joint p.d.f as

1 x€l6,0+1] Vie{l, ..n}
0 ow.

f(xq,..., xp|0) = {

Now, we know by the support of this function that x; > 6 for all i € {1, ...,n} implies that
even the least of these x; is at or above 6, or min{xy, ..., x,} > 0. Also, when x; < 8 + 1 for
all i € {1, ..., n} we know that max{xy, ..., x,} <0+ 1 or max{xy, ..., x,} —1 < 0. Hence,

x;€[0,0+1] Vie{l,..,n} = 0¢€[max{xy, ..., xp} — 1, min{xq, ..., X, }]
and the likelihood function is

1 0€[max{xy, ..., xp} — 1, min{xq, ..., X, }]

L(O|x1, ..., xp) = {

0 else
therefore any value for 6 in the interval
[max{xy, ..., xo,} — 1, min{xq, ..., X, }]

can be used as an MLE?.
Note: in this problem we have a uniform over an interval of length 1 but we cannot specifiy
where this interval is located.

v

We give some more information about MLE's and their properties that we may use in a
statistical setting.

Properties of MLE’s
1. Invariance

Theorem 1.2.1 (MLE Invariance). If Oy is MLE of @ and g is a one-to-one function

max{xy, ..., x,} — 1 < min{xy, ..., x,} since at most minimum and maximum differ by at most one.
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of 0, then g/(\Q)MLE =S g(éMLE).

Proof. Let {2 = parameter space of original parametrization. Then when we transform
6 get get a new parameter space: g(Q2) =T. If we set 9 = g(0) and g~ = h, then it
follows that

6 = h(v)

Notice, the original p.d.f is f(x|6) and this is equivalent to f(x|h(¥)). When we
transform 6, the likelihoods per g(0) stay the same for all 6 € Q since g is bijective.
Thus,

L(WY|x1, ..., xn) = L(O|x1, ..., xn) = F(xq, ..., Xo| h(YP))

and we look for 9y e = 1 such that 1) maximizes £(v). Now, by definition of MLE,
OpL e Maximizes L(0]x1, ..., x,) and since 8 = h() we must have Oue = h(lﬁMLE)
as the likelihoods between parametizations are the same. Since g~ = h, we have
9(Bmie) = PYmie as we sought to show. O

2. Defining the MLE of a function g(0)

Definition 1.2.5 (MLE of function g(0)). If g(8) is an arbitrary function (not always
one-to-one) such that
g:Q2Q— G

~—
image of Q2

Then, we can define a set Gy C Q2 where Gy = {6 : g(0) = t}. If we further define
L*(t) = maxgeg, £(0]x1, ..., Xn), thatis, L* is the maximum of the log-likelihood function
such that the likelihood is maximized over all @ that map into t. With this, we define
the MLE of g(9) to be the value t such that

L* i — L*
(1) max (1)
so we have possibly several 6 such that g(6) = t mapping into the same t.

Note: L*(t) is the value of log-likelihood where the log-likelihood is maximized over
the values of 6 that map into t, this takes care of any mappings that are surjective as
well. We then find the value of t that maximizes L*; this value is ty e = 9(0) e

3. Invariance (generalized)

Theorem 1.2.2 (Generalized Invariance). If§ = MLE of 6 and g(6) is any function of
0, then

9(6)| _=g(0

96)], = 90mie)

Proof. We need to show that £ = g(Oy, ) satisfies
max L*(t) = L*(t)
teG

Note that L*(t) is the maximum of £(0|xi, ..., x,) over one subset of 2 because we
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choose that value of 6 such that L*(t) is a maximum. Now, 20y elxi, ..., x,) is a
maximum over all 6. This implies

L*(t) SE(@AMLEle,...,Xn) Vte G

Notice that if | maximize over a larger set of parameters (i.e. more than just t if
there are 2 or more parameters in the setting), the maximum cannot get smaller. As
reminder, all we have left to show is

L*(f) = e(éMLE|X1,...,Xn)

N J

~-
max likelihood parametrized by 6

Now, by definition éMLE € G; and furthermore @MLE maximizes £(6|x, ..., x,) over all 6
and since G; C €2, we know 8, g also maximizes over all 8 € G;. This implies that

L*(f) = Z(éMLE|X1. e Xn)

this means that £ = g(6y.£) is the MLE of g(6).

O]

We now give an example that illustrates the property of invariance:

Example 1.2.11 (Invariance for Variance). Suppose X, ..., X, '?"\51/\/’(/1,,02) where ., 0? are

both unknown. By Sampling from Normal we know
fpmre = X

1 n
Gie = n Z(Xi — X)?
i=1

and we want the MLE of o (std. dev.) and E(X?). We can set g(x) = v/x and arrive at (by
invariance)

/7 _ ~D

ECRIIEC
which can be simplified into

. 1o _
OMLE = " Z(Xi —X)?
(=1
Note also that

0% = E(X?) — (E(X))?
— E(X?) =0?+ (E(X))?
— E(X?) = h(c?, E(X)) (h(x,y) =x+y?)
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and again by invariance (note multiple parameters o2, E(X)) we have

= (6%’“5' [E(Y)] MLE)

= h(CAT%dLE')?)

_ 7 7
=O0OmLe tX

EOD) e

One other property of the MLE is consistency.

Consistency of MLE
Suppose X1, ..., X,,'r'fjf(x|9) and for some sample size n > ng, there is a unique MLE GA[,,,MLE] .
——

depends on n
Then, under some conditions satisfied under certain scenarios:

é[n,l\/lLE] E) ) (as n — OO)

Computing MLE's can be a challenge sometimes as there is not always an analytical solution
to the likelihood equation. We give two examples to show this.

Example 1.2.12 (Gamma Distribution MLE). Suppose X1, ..., X, G f(x|o) where

1

f(x|a) = mx

a-lg=x Vx> 0,a>0

then we can show:

Llalxq, ..., x,) = ﬁ (Hx,-) X exp <—ZX/'>

The log-likelihood equation is then

6(5(a|x1, A Xn)
oo

=0

which results in

M) 1
Ma)  n 2_109%
——

digamma function
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Notice that the digamma function is tabulated meaning that there is no analytical solution
for a. This means that we can only use numerical approximations.

A4
Example 1.2.13 (Cauchy Distribution MLE). Suppose X1, ..., X, g f(x|0) where
f(x|0) = L —0<Xx<
a1+ (x—6)2) > >
Then, the likelihood function is
L, s x) = L
P [T [+ (x - 60)7]
and again we need a numerical technique to find a solution.
v

One technique to extract MLE's is Newton-Raphson since we wish to solve the equation
L'(6]x1, ..., x,) = f(0) = 0. In this method we use a Taylor Approximation. If we set 6 as
an initial guess, then we use
_ (6o)

f'(6o)

then we keep updating until there is no (noticeable) change in updated value of .

91:90

1.3 Method of Moments (MM)

In this method, we assume X, ..., X, i P; where 8 = (01, ...,0,) and E(X*) < oo (finite
moments). We set |
w = E(X19)

and assume w(0) = (u1(0), ..., uk(0)) is one-to-one (i.e. there is an inverse function M such
that @ = M(u1(0), ..., uk(0))). When we observe the data, we let

1o~
P J P
mj = '7,5:1 X; Jj=1,..k

be the sample moments. The method of moments estimator is then
éMI\/I = M(ml, . mk)

This implies M(my, ..., m¢) ~ 8 and further per parameter: m; ~ u;. Using this information,
we can give a procedure for finding the MM estimates:



1.3. METHOD OF MOMENTS (MM) 23

Steps to Find MM Estimates
1. Empirically find &/
2. Find the parametric forms for 1/
3. Equate each ﬁ,{ with u{ respectively
4

. Solve the resulting system of equations for the parameters

We give an example to illustrate this process

Example 1.3.1 (Gamma Distribution MM). Suppose we sample X1, ..., X, from a Gamma
distribution and want to estimate unknown parameters o and 3. Note that the pdf of a
Gamma distributed variable X; is:

a

f (x|, B) = %xﬁ—le—ax,_

This makes the likelihood function:

n n a—1
L(xq, ..., xpla, B) = (l—?a)) (HX’) e BElix
i=1

which is very difficult to optimize due to the gamma function. Since MLE is not possible
easily we will ustilize MOM to generate point estimates of a and 3. As there are 2 parameters
unknown we only need to use the first 2 sample and population moments to compute our
point estimates. Equating the respective moments gives us:

E(X):%:@:y (1.3.1)
E(X?) = Var(X) + (EQX))2 = & 4+ & = Zim X (1.3.2)

N n
Now we can solve with substitution the point estimates for our parameters, rewriting the
value of o in terms of 3:
a = [Bx

and substituting the value in (1.3.2) gives:
X 1 —
2 2
+ (X)) = - ;:1 X;

and solving for B results in:

A nx nx

TS Yo P — n(X)? B Yo (i —x)?
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Similarly, we can solve for a:

@
I
IR

and rewrite (1.3.2):

-ty — & 1<Zx n(7>2> — Lo Zabi )

i=1

So, why do we need this process? How does it relate to the MLE? We give 3 reasons:

e MM estimates do not require optimizing a likelihood function, so they make be less
computationally extensive

e Often MM estimates are also MLE's

e MM estimates are consistent by the law of large numbers. So,

D o> 0 (as n — )

We give one more example that relates this to the MLE

Example 1.3.2 (Normal Distribution MM). Suppose Xi, ..., X, %N(u, 0?) where u, 0 are
unknown. Then, the observed moments are:

=
I

n
12
n <

i=1
1 n
~ 2
Mzzmzzﬁg X
i=1

Then, ﬁ'MM = ,[I'I\/ILE = X and

my & 0% + p’ (02 = E(X?) — p?)
= my, — u’ = o’

2 2 _ a2 _ 2
:>E§ Xi =X =0pm = OmLE

Hence, both MM estimates are of the same form as the MLE estimates.
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1.4  Appendix (Inference: Estimation)

We now give an account of the bivariate distribution based on simple linear regression. The
results as we already derived are the same only this way gives an idea of how one might
create the form of the distribution. We begin with the regression setup. We assume X; ~
N(x;,, ail) and Xo ~ N(ux,, a§<2) on the condition that X5 = a + B8X; + € for parameters
a, 3. If we set the error per the true regression line as € = Z = X, — a — Xy, then we
have E(Z) = 0 and V(Z) = ox,|x, since the variation of the error is the sole source of the
variation of the conditional distribution of X5|Xj.

Now, how would we know the true form of o and 87 One solution is to consider the
covariance between X; and X,. We use the form Cov(Xi, X5) = E(X1X2) — ux,x,. We
compute E(X1X>) as follows:

E(X1X2) :/ E(X1X2’X1 :Xl)f(Xl)Xm

X1

:/ X1E(X2’X1:X1)f(X1)dX1

X1

:/xlE(Z)f(Xl)dxl
=/ xi(a + Bxa)f (xi)dx

=aux, +B8 | x2f(x)dx

X1
= apx, + Box, + Bux,

Note that ux, = o+ Bux, since Xo = o+ BX; + € where e = Z ~ N(0, 0x,|x,). This makes
Wx,Hx, = Othbx, + Bup%, . This all implies

Cov(X1, Xo) = Box,

Ox
f—— p = ﬁ 1

O'X2

Ox.
e B = ,0 2

Ox,

The corresponding form of « is then
O X,

Q= fix, = P

X1
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We next compute 02. Since Z = X, — a — 38X it follows that

U% = \/(X2 — —,BXl)

= 0%, +B0%, — 26(Box,) (Cov(Xa, —BX1) = —BCov(Xa, X1))
= ok, — B0,

2
=0%,(1-0%) ([32 = pz%)

X1

We are now ready to compute the distribution of Z. By our assumption, Z ~ N(uz,0%)
where iz = 0 and 02 = 05 (1 — p?). It now follows that

Ao 3(2)]

Since fz(z) = fx,|x;=x (X2) since variation is only from the error assuming X; is observed,
some substitution gives:

fz(z) =

2
ela=als V2Tox,\/1 — 02 2\ ox,\/1—p?

B 1 exn J 1 <x2—a—6xl>
 V2mox,/1- 02 "1 20— Ox,

Which shows that (X5|X; = x1) ~ N(a + Bx1, 0%, (1 — p*)). More precisely, we have

E(Xo| X1 =x1) = a+Bx

Ox, 0Xx,
= — X
x, pUXl KXy + pUXl 1
Ox
= Ux, +p—(x1 — lx,)
Ox,

which is the same form as we gave in point #3 in BVN Facts.

(Xz —a- 5X1>2
Ox,
can be simplified into (with the addition and subtraction of a — Bux,) into

((Xz — bx) =B — Mxl))z

Ox,

Note, the quantity
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and expanding this square gives us

<X2 - ;%)2 2800 — px,) (X1 — px,) e <Xl - Mx1>2

OX, U)2<2 OXx,
_ (X2 - ,uxz)z 200 — ) (X — ) + (X1 - MX1)2 since <ﬁ2 _ pga_iz)
0Xx, 0x,0x; 0x; Uil

since the marginal distribution of Xj is

fx,(x1) = = ex 1(X1_MX1>2

X V2Tox, P12 Ox,
it follows that f(xo, x1) = f(xo|x1)f(x1) has the form

1 1 x = px, ) X1 — x Xo — Wx
0= s ] () - (25) (252)
( ' 2) 27 (1 — ,02)0X10X2 { 2(1 - :02) [ Ox, 0x; 0Xx,
4 (XZ - ,U'X2>2] }
Ox,

which is the same form as the distribution for the bivariate normal. This argument is axis
invariant since we kept both X; and X, random and can be repeated for X;|X; and give
similar results (the 2's are permuted with 1's).
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Chapter 2 — Bayesian Inference

Bayesian inference is a different type of statistical method. This theory has its roots in Bayes’
Theorem and thinks of probabilities as degrees of belief rather than ratios observed by
experiment. To begin, we recall the methods of frequentist inference. In a frequentist
statistical model we have

1. X = random variable of interest
2. X ~ P, = distribution variable follows (the model)
3. 8 € Q2 = the parameter space

In this method of inference, we usually consider 8 a fixed but unknown number and the
objective of statistical activity is to estimate 6. What makes the bayesian viewpoint different
is that 6 is NOT fixed. Instead, 6 is a random variable representing out degree of belief
over the possible values that parameter can take. This makes 6 have a probability distribution
much like our sampled variates X;.

2.1 Prior and Posterior Distribution

In a Bayesian setting, we sample variates as we do with frequentist methods only we assume
a random value of 8 as opposed to a fixed on. So, our model is then

X1, Xal0 ~ Py (6 random)

where 6 ~ £(0). Here £(6) is called the prior distribution. We give some facts about it
below

Prior Distribution Facts
e |t is determined for 6 prior to observing the data (or performing the experiment)
e The range (support for 6) is the parameter space Q

e |t is a probability distribution (integrates to 1) except in the case of the improper prior
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1

The aim of Bayesian inference to use the data we have collected to update the distribution
of 8 so as to reflect what we have observed. This is known as Bayesian Updating. The
result of bayesian updating is to generate a posterior distribution £(0|xy, ..., X,).

The posterior distribution is one conditional on the data. To find it we first consider the
probability in the discrete case, P(6|Data) by Bayes’ Theorem this can we written as

P(Data|0)P(6)
P(Data, 0)

P(Data|0)P(6
= (Datal6)P(6) (Law of Total Prob.)

> P(Datal0)P(6)
_ P(x1, ..., x,|0)P(0)
> P(x1, ..., x,|0)P(6)
_ f(xq, ..., x,|0)P(0)
> (1  xal0)P(O)
Q

P(6|Data) =

(Data = xq, ..., Xp)

(by definition of joint mass function)

Note that the denominator of this fraction is called the normalizing constant. If we keep this
form, this is how we will compute the posterior probability P(6|Data) in the discrete case. In
the continuous case, we set P(f|Data) = £(0|Data)df and P(0) = £(0)df. The summation
over the parameter space then also becomes and integral to adjust for the continuous nature

of 6. We then have the continuous form as

f(Data|0)&(0)
/Q £(Datal0)£(8)do

f(x1, ..., xa|0)&(0)
/Qf(xl,...,xn|9)£(0)d9

do =

[£(6|Data)]do =

(d@'s cancel for densities)

£0)x1, ..., xn) =

where we give a new name for the normalizing constant / f(x1, ..., x,10)€(0)dO as g(xq, ..., Xp)

Q
for brevity and to reflect that the resulting integration marginalizes out the variable 8. We
formalize this result by a theorem.
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Theorem 2.1.1 (Posterior Distribution Form). The form for the posterior distribution is given

by
f(x1, ..., x,|0)&(0)

£(9|X11----Xn): g(x1, ... Xp)

where X1, ... Xn|60 % P,

Proof. By conditional independence of the data, we have the form of the joint p.d.f given a
value of 6 as
f(x1,....,x:]0) = F(x1]6) x - -+ X f(x,|0)

Further, we can create a joint density for xq, ..., X,, @ noting it with the function z. To make
notation easier, we set x = (xq, ..., x,). By property of joint p.d.f's, we can write

z(0,x) = z(x,0)

and by conditional probability for continuous functions (each factor belongs to a different
probability distribution as we speak of different events) we have

£(61x)g(x) = f(x|0)¢(6) =

f(x16)£(6)
Olx) = ————~ =
§00) = =75
f(x|0)&(6
£(0|x) = (x16)£(6) (def. of marginal distn.)
/ f(x]|0)£(6)de
Q
which is the same form as we intuitively found out previously. ]

Example 2.1.1 (Fluorescent Lamps). Suppose the lifetimes for fluorescent lamps is given by
X1, ... X~ exp(0). This means that

f(x]0) =6e ™ x>06>0

The aim is to find a posterior distribution for 6 given our data xi, ..., X,. The joint distribution
f(x1, ..., xy|0) is given by

f[ f(xi|0) = H e
= _ 19:1716—02)(,
=" (let y = Zx,)

where 8 € (0,00). Now, how can we find a prior before we observe the lifetimes? A
distribution with support 8 € (0,00) is given by the family of gamma distributions'. The
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form of the gamma prior is

£(0) = r?;)ealﬁe >0 a>0 B>0

for some given o, 3. Note that —— is the reciprocal of the area under 6~1e=P° over the

r( )
support. Some facts about this prior are:
Mo+ PB) a a
E(OF) = ———~ E(8) = = V(6
9= ®=3 ®)= 5

What values of a, B can be a 'good’ prior (reflects population closely)? Suppose we assume
the prior mean and variance are

E(6) = 2° = 0.0002 V(9) = 22 = 0.0001
Bo Ba
Solving for ag and By we get
ayg =4 Bo = 20, 000

Hence, the prior is

(20,000)* 20,000
r@)

(20 OOO) 3 —20 000
3!

£(6) =

(M) = (o — 1) =3!)
The posterior is then given by
9ne—0 x (20‘2!00)403e’20’0009

/OO Qne—Qy % (201 0|00)4 936_20’0009d9

9n+3 o—(¥+20,000)8
= (const. cancel)

/OO 9n+3 ef(y+20,000)9 do
0

£(6ly) =

We know that
F(n+4)

(y + 20000)"+4

/00 9n+3e—(y+20000)9 do =
0

50
—(y 4 20000)"** gn+3 o—(y+20000)
F(n+4)
~ Gamma(oe = n+ 4,8 = (y + 20000))

£(6ly) =

Plots of the prior and posterior distribution are given below. Note that in the posterior
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distribution plot n =5 and y = 16, 178.
5,000 4

—  Prior
—— Posterior

4,000 {

3,000 {

£(6)

2,000 {

1,000 ¢

0O 02 04 06 08 1 12 14

Remark 2.1.1. Since g(xi, ..., x,) is constant, we can write the posterior as

_ f(x1, ..., Xp|0) x &€(0)

Olxq, ..., x
£0ba ) constant

this would then imply
E(1x, ... Xn) o< F(x1, ..., xa|0)€(6) = [ [ F(xil6)4(6)
o (likelihood) x (prior)

so the density of the posterior is proportional to the product of the densities of the likelihood
and prior.

Suppose we have a data distribution f(xg, ..., x,|6) and a prior from some family of distri-
butions such that the posterior is from the same family. Then, we call the family the prior
and posterior are from the conjugate family and the prior the conjugate prior. \We have
seen a conjugate prior and family in the previous example. The conjugate prior is distributed

LFact: the exponential distribution is a special case of the gamma distribution with o = 1.
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Gamma(ay, Bp), the posterior is Gamma(ag + n, > x; + Bo), and the conjugate family is the
set of all Gamma distributions. We give more examples of conjugate priors below
Example 2.1.2 (Beta is a Conjugate Prior). Suppose Xi, ..., X, G Bernoulli(6). Then
f(x|0) = 64(1 — 9)rx
which implies that the joint distribution is
F(X1, ..., Xp|0) = BZi%(1 — 0)"~2i% = g¥(1 — §)"

if we set y = Y. x;.. For the prior £(6) we need a distribution with support Q2 = [0,1]. A
good candidate is the beta distribution, so we set

MNa+B)

5(0):W0°‘_1(1—9)6_1 0<o6<1 O(,ﬁ>0
This results in Mo+ B)
o y+o— n—y+B—
f(Xl,...,Xn|9)£(9):W9 a 1(1—9) -1

Also, notice that

F(n+a+pP)
(y+a)l(n—y+p)

1
9y+a—1 1-6 n—y+ﬁ—ld9 _
| ea-e) :

which then implies

_ F(n+a+pB)
CTy+a)l(n—y+B)
~ Beta(y + a,n—y + ()

£(9|X1, ceey Xn) 9y+a—1(1 . 9)n—y+6—1

So, the posterior is a beta distribution as well which makes the beta distribution a conjugate
prior assuming the data is Bernoulli.

v

Example 2.1.3 (Poisson is Conjugate Prior). Suppose X, ..., X, e Poisson(0) where 6 ~
Gamma(a, B). Then,

1 5
= pdiXig—n a—1_,-06
x1!...x,7!9 € {r(a)e € }
— B y+a—1 ,—6(n+8) .
_ML“&MFmﬂQ € ] vy =2%)

f(Xl, . Xn‘e)g(e) =

with some calculations and simplifications of the constants (anything observed and without
the quantity 6 cancel out in the form of the posterior), we can show that the posterior also
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follows a Gamma distribution too.

Example 2.1.4 (Normal is a Conjugate Prior). Suppose X, ..., X, ’}’;5’/\/’(“' 02) where u Is
unknown and o2 is known. Since we don’t know the value of u, we set u = 6 and have

6 ~ N(io, 15)
with some calculations’we can show

(9|X1, ...,Xn) ~ N(,U,l, 1/12)

where
o2l + NVEX, 5 o3
M= = & 1= 22
o< + nyg o<+ nvg

2.2 Bayes' Estimator

We now will use the theory of Bayesian Statistics to create point estimations for population
parameters as we did with Iikelihood_functions in the estimation chapter. First we review the
setup. Suppose we have Xy, ..., X, i Py . 6 € Q where X;|6 ~ P, and

£(6) = prior distribution

£(0]x1, ..., X,) = posterior distribution

The question is: how can we use this information to find an actual estimate of 67 Recall
that the definition of an estimator 0( X1, ..., X,,) of a parameter 0 is a real valued function
such that

0 R"—=Q
Observed values of the estimator are called estimates d(xi, ..., x,). In order to create a
Bayesian estimate, we can employ what is called at Loss Function.

To motivate the idea behind the loss function, we give the following dialogue:

2see Appendix for a derivation
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Q: What to we want from an estimator?
A: It should yield a value close to the true quantity.

Q: How can we measure the performance of an estimator?
A: Through a Loss Function

We define a loss function as follows:

Definition 2.2.1 (Loss Function). A loss function L(0, a) is a function of 2 variables 6 and a
whose output can be described by a probability distribution. If 6 is a true parameter and an

estimate of it is @ = a, then
L(6,0)

is the loss. In other words, L(6,0) measures the discrepancy between 6 and its estimate 6.

L J

In Bayesian inference, 6 is a random variable with support Q and so then is the loss L(9, a)
which is a function of it. While we cannot then find a deterministic value for the loss, we can
compute the expected loss. This would be

EL(8, a)] = / L(6, 2)¢(0)d6
— Q

average loss

assuming we have not conducted the experiment yet and only use prior information. The loss
over all possible values of 6 is then a function of a.

Note: \We have the value of a as
a = specific value for a specific sample

and will have to create some condition to extract it. 00

When we observe the data, it is best not to use the prior for computing the expected loss.
Instead, we use the expected posterior loss which is given by

E[L(6, a)]xl,...,x,,]z/QL(Q, a)€(0]x, ..., x,)d0

Some examples of typical loss functions are
1. Squared Error Loss: L(0,a) = (6 — a)?
2. Absolute Error Loss: L(0,a) = |6 — a|

Since we are looking at how far away the estimate a is from 6, we use differences.



2.2. BAYES' ESTIMATOR 36

The specific estimator that is "best" for the data we observe relative to the expected posterior
loss is known as the Bayes’ Estimator which we define below:

Definition 2.2.2 (Bayes' Estimator). A Bayes' Estimator 0*(Xy, ..., X,)) is an estimator such
that its observed value 6*(x, ..., x,) (the Bayes’ estimate) minimizes the expected posterior
loss. In other words, 6*(x, ..., X,) is value such that

0" (x1, ... xp) = E[L(B,0" (X1, ... Xp))| X1, .., Xn] < i’E[L(O, a)| xi, ...,x,,l

vV
for any other "a"

or, equivalently it is a value such that

E[L(O,0" (X1, ... Xn))| X1, ... Xn] = raneig{E [L(0,a)|x1,.... xp]}

To summarize the definition above:
1. ais some number/value € Q
. L(0, a) is the loss for estimating 6 with a

2
3. E[L(6, a)] is the expected loss over the distribution for 6
4. 6*(xq, ..., X,) Is the estimate (i.e. specific value) for 6

5

. EL(B,0%(x1, ... %n))| X1, ..., Xn] is the expected loss if a = 0*(xq, ..., X,) for the posterior
distribution

When the expected posterior loss is minimized, the resulting estimate that did so is called
the Bayes’ Estimate. If we can find a rule 6*(Xy, ..., X,;) that can calculate an estimate for
each sample we might have, then we get a Bayes’ Estimator.

We now give some examples using the method Bayesian estimation with respect to minimizing
the expected loss.
Example 2.2.1 (Bayes' Estimate for Bernoulli). Suppose X, ..., X, - Bernoulli(6) and

6 ~ Beta(a, )
L(6,a) = (6 —a)?

i.e. for a specific example we will have 0*(xi, ..., x,) as our estimate.
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Q: What is the form of this estimate?

If we set y = ). x;, then by our previous calculations (see Beta is a Conjugate Prior), we
know
(0]x1, ..., x,) ~ Beta(ae + y,B+n—y)
—— N——
a1 B1
For a squared error loss, any fixed sample xq, ..., x, gives the minimum expected square loss
as the mean of the posterior distribution®. In other words,

o2} a-—+y

E0|x1, ..., xp) = YT A

is 6*(x1, ..., x,). The Bayes' estimator is then given by

. O“”Z?:l Xi

0" (X, Xn) = =22

I.e. the value to calculate is a modified sample proportion. Note the similarity to the MLE
estimate for this type of data which is Oy e = ) ; Xi/n which too is a sample proportion.

v

Example 2.2.2 (Bayes' Estimate for Normal). Suppose that Xi, ..., X,|6 %N(u,az) and
6 ~ N(uo, v3) where 8 = p = unknown and o® = known. Then, since 6 and X, ..., X,, are
normally distributed, the posterior distribution 0|x, ..., x, is also normally distributed with

0?4 nigx

| =
nvg + o2
2 o2vs
Mi=—">_">
nvg + o

poo? + NUgx

this makes the Bayes' estimate 0*(xi, ..., Xp) = s
nvg + o

as it is the mean of the posterior

distribution.

If we choose the absolute error loss where L(6, a) = |6 — a|, we let 6*(xq, ..., X,) is an estimate
that minimizes this loss. The quantity that minimizes the absolute error loss is the median

3See the Appendix for a proof
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of the posterior distribution”. We define the median as the point 8 such that
~ ~ 1
P(Xz@):P(XSG)ZE

for a random sample X. It is typically complicated to calculate and thus hard to find a closed
form expression for. However, for a symmetric distribution (like the Normal Distribution) we
know median = mean. This means for a normal data with a normal prior and normal posterior
the Bayes' estimator for the squared error loss is the same value as the absolute error loss.

Note: Both the choice of the loss function and prior has an effect on the Bayes' estimator.
However, with increasing sample size, the effect of the prior distribution choice diminishes.
00

Recall that an estimator én is called consistent if é,, P9 as n — co. We know that under
fairly general conditions, the Bayes' estimator is consistent. This means

5 (X1, ... X)) 5 0

for large n. This is true for a wide class of loss functions, but does depend on the loss function.
We give some examples to show this.

Example 2.2.3 (Bernoulli Distribution). We know for a Bernoulli distribution

OL+ZX,'
O ( Xy, ... X)) = —=——
(X ) a+B+n
. a 4 ZX,
a+pB+n a+pB+n
Notice for n — oo: 5
— % .0 and L—W_(
a+0B+n a+B+n

and since X £ 0 eventually, we have §*(Xi, ..., X,) = 6.

Example 2.2.4 (Normal Distribution). We have a similar process, recall

2

%l nveX
0" ( Xy, ... X,) =
% 2 o2+ nv3 02+ nuy

4See Appendix for a proof
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As n — oo )

nvX _

2<7—M02 — 0 and 2—0 —
o<+ nyg o<+ nig

Since X £ u eventually, we have 0* (X1, ..., Xp) L

4

Note: Bayes estimation can also be used for vector valued parameters, i.e. 8 = (64, ...,6,).
In this case, we need a joint prior £(6) and computations can be complex. In addition, we
might also be interested in estimating some image of a function of a parameter ¥ = h(6)
rather than the parameter itself, these are Bayes' estimators for a function. 00

In practice, we find that éMLE and 6*(Xy, ..., X,,) are often both similar for large samples and
are based on functions of likelihood.
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2.3 Appendix (Bayesian Inference)

In this section we derive the form of the posterior of a normal prior as it is given in the
example. Recall that Xy, ..., X,|0 'r'g/\f(u, 0?) where 8 = . = unknown and o2 = known. We
choose 6 ~ N(ug, v3) as the prior and need to find the form of the posterior. We make the
observation that any constants that make up f(xi, ..., x,/6)£(8) will cancel, so we only need

to see what the posterior is proportional to to see what the posterior could look like. First,

while

hence,

) o {_% [27:1(;— 6F , (© —UMH

Notice, that with the addition and subtraction of X, we can write > (x; — 0)? = n(0 — X)? +
>™(x; — X)?. This then makes

E(61x1, .. Xn) o eXp{_l [”@—W N (9—uo>2]} ) p{_%z(x__x)}

2 0?2 Vi 02
1 0 — x)?2 6 — 2
ox exp {—5 [n( 72 X) + ( Ugo) ] } (right side does not depend on 6)
0

So, all the information we need to find the form of the posterior is given in

oo {-L[M0ZE 0=}

2 2
2 o Vs
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To do this, we will collect the terms (after squaring) and complete the square. We focus only
on the terms inside the exponent now for easier math.

1[nB—x%x)2 (68— uo)? 1[n _ 0%+ o — 20u0
= =L +x2—-20
2 2 V3 2 _02( X X)+ V3
LInvg o o - o’
:—5 1/2—0_2(9 + X _29X)+O'21/2(0 +,U:0—29N,0)
L% 0
17 1
=5 |3 (Qz(nug + 0?) — 20(uoo? + nugx) + (nUgx® + azug))}
Y%
Lng+o? ([, too? + nv3x]  nuax? + o2ul
T2 o2 o =2 nvg + o2 nvg + o2
0 0 0
Clngg+o? o_ 1002 + nEz ]\’
2 o2} nvg + o2

From this form we find

Woo? + nUgx
b=
nvg + o2
2,,2
ol
nvg + o2

vy =

and futher that the posterior has the form of a normal distribution with mean w@; and variance
v2. Hence, the posterior is a conjugate prior of the normal conjugate family.

In this part we will show that the mean of the posterior distribution is the minimum of the
expectation of L(6,a) = (6 — a)2.

Theorem 2.3.1 (Minimum Square Error Loss). The minimum of the expected square error
loss E[L(8, a)|x1, ..., x,] where L(0,a) = (6 — a)? is the mean of the posterior distribution or
E[0|x1, ..., Xa], assuming it is finite.

Proof. We prove this directly by following the definition of expected values:
E[L(B, a)lxq, ..., Xp] = / L(6, a)€(0|x1, ..., x,)dO
Q
= /(9 —a)%€(0|x1, ..., x,)dB
Q

We want to minimize this function with respect to a. Since it is continuous, we take the
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derivative check for extrema. We arrive at

aE[L(Q,aa)lxl,...,Xn] :/92(3—9)5(9|X1,---vXn)dQZO

=a— /QQE(QIXL 0 Xp)dO =0

— a=E0|x1, ..., xn)

since
B%E[L(0, a)|x1, ..., Xa)]

0a>
we know that this is a minimum. Hence, min,{E[L(6, a)|x1, ..., x»)]} = E(O|x1, ..., X») when
the loss is the square error loss, as we sought to show. Notice, the minimum expected loss is
the variance of the posterior distribution or V/(8|x1, ..., X,). A similar argument can be made
for the discrete case. U

=2>0

In this part we will show that the mean of the posterior distribution is the minimum of the
expectation of L(6,a) = |0 — a.

Theorem 2.3.2 (Minimum Absolute Error Loss). The minimum of the expected absolute error
loss or E[L(0, a)|x1, ..., Xn] where L(6,a) = |0 — a| is the median of the posterior distribution
or median(0|xy, ..., x,) = 0.

Proof. We work by definition:

E[L(G,a)|x1,...,x,,]:/Q|0—a|£(9|xl,...,xn)d9

Since we are optimizing with respect to a we can see

OE[L(0,a)|x1, ..., Xp]
Oa

= E(G\Xl,...,x,,)de—/ €0|x1, ..., x,)d0 =0
ol Q

under the condition Q' U Q" = Q2 since

o0l —al |1 a€ (6, 00)=
8a  |-1 ae(—0,6)=Q"
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Notice this constraint implies that

£(0)x1, ..., x,)d6 = / £(0)xq, ..., x,)d6
o %

and since [ £(0|xi, ..., x,)d0 € [0, 1] we must have
Q/

1
E(Glxl,...,x,,)dQZ/ £0)x1, ..., x,)d0 = =
Ql QII 2
This can only happen when a = 6 = Omedian-  Also, when we choose a < 6,

GE[L(Q'E;)LXL ol < 0 and when we choose a > 6, GE[L(Q'E;)LXL )
deed a =6 is a minimum of the expected absolute loss which is what we sought to show. A

similar argument can be made for the discrete case. [

> 0, so in-
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Chapter 3 — Sufficiency

Sometimes a Bayes' Estimate/MLE are not available, may not exist, or are hard to calculate.
In this case, we need to find other options. One possibility is using what is called a sufficient
statistic. Informally, a sufficient statistic T = r(Xy, ..., X,;) is a summary of the data that
is not reliant on the actual data values X, ..., X,, themselves.! Notice when we know a
population parameter’s true value, the joint distribution depends only on the data we collect.
The same idea occurs with a sufficient statistic, so it is a good candidate for that population
parameter’s point estimate.

Example 3.1.1 (Normal Distribution). Suppose Xi, ..., Xn S N'(, 02) where w is unknown.
We wish to estimate u as we have done before but cannot use the MLE nor the Bayes’
estimator to do so. Using the method of sufficient statistics, we can show that to estimate

W it is enough to know
n
S=Y X

rather than the data values Xy, ..., X,. Such a statistic S, is called sufficient.

v

We now give some motivating questions to consider when considering how to calculate suffi-
clent statistics.

Q: How can we find (compute) sufficient statistics?
Q: What exactly do they mean?

To help answer these questions, we give some more information about sufficient statistics
below.

lwe can simulate the data closely with this single statistic
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Sufficient Statistics Facts

1. If T(Xq,...,X,) is sufficient, then all we need to know about the data Xi,..., X, is
contained in T. Therefore, there is no information about € in the data conditional
(given) T.

2. A statistic is sufficient for the parameter we are interested in, to find joint sufficiency,
we need to take both parameters into account. In other words, T(Xq, ..., X,) may be
sufficient for 681, but not for 6, in a two parameter problem.

3. If T =r(Xy, ..., X,) is sufficient, then
f(xe, ... xalt =r(xq, ..., xn)) =

does not depend on 6. Further, if X7, ..., X] are simulated from a distribution such that
for all 6, the distribution of X, ..., X/ is the about the same as that of X, ..., X, then
T is sufficient.

(L

Formally, we define what a sufficient statistic is below.

Definition 3.1.1 (Sufficient Statistic). Suppose X, ..., X, ] P, for some 6. We then define
a statistic T = r(Xy, ..., X,)) such that given T = t, the distribution of xy, ..., X, given T =t
does not depend on 6. Such a statistic T = r(Xu, ..., X,) Is a sufficient statistic for 6. Notice,
the symbolic form of this definition is

h(t = r(xy, ..., Xo) X1, ..., Xp)F (X1, ..oy Xn)
g9(t)

F(x1, oo Xa|t = r(x1, .0, Xn)) =

for the continuous case. For the last line in the equation, we used a Dirac measure for the
event E = (t = r(xy, ..., Xn)|X1, ..., Xn), S0 0r(E) = 1 since the event is always true.

L J

With this definition, we can learn how to find a sufficient statistic from the data we are
given. It is through a method known as the factorization criterion that allows us to identify
sufficient statistics.
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Theorem 3.1.1 (Likelihood Factorization Criterion). Suppose X1, ..., XH%PQ for some 6 € Q).
Then, a statistic T = r(Xy, ..., X,) is sufficient for 6 if an only if the following holds.

L(O|x1, ..., xp) = f(x1, ..., xa|0) = u(xq, ..., Xp) X v(r(xq, ..., x,), 6)

Notice, u can depend on X4, ..., X,, but not 8 and v can only depend on X1, ..., X, through
r(xy, ..., Xn).

Proof. We will prove this only for the discrete data only; the proof for continuous data is left
for more advanced statistics courses. In a discrete setting,

f(xe,....xp|0) = P(X1 = xq, ..., X = x,|0)
We will proceed in the proof by proving each side of the biconditional seperately.

1. (=) Suppose f can be factored for any data we observe and any true value of the
parameter 6, that is
Vxy, ..., X, € R” and 0eQ

we have
f(x1, ... x%2|0) = u(xq, ..., xp) X v(r(xy, ..., Xp), 0)

then,
P(Xl = X1, ...,Xn = Xn|9)

P(T = t|9)
P(Xl = X1, ...,Xn = Xn‘e)

Y PXi =y Xn = yal6)

Y1, Yn€A(L)

P(X1=x1,..Xp=x,JT =t,0) =

(Bayes' Thm.)

where

A(t) = Yo i r(Vas oY) = t}
= set of all samples where T =t

Since r(yi,....,yn) = t for all y1,...,y, € A(t) including r(xy, ..., x,), we have (using
f(x1,.... xnl0) = u(xq, ..., Xp) X v(r(xa, ..., xs),6))

u(xy, ..., Xp
P(X1i=x1, ... Xp = x| T =t,0) = (x4 ) = constant
Z u(ylv"'vyn)
Vi, Yn€A(L)

where

u(ay, ..., a,|0) = function purely of a's
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Notice if xq, ..., x, is observed such that xi, ..., x, &€ A(t), then
P(Xy=xq,.... X, = x| T = t,0) = 0 = constant

and does not depend on 6. For these samples, then, T is a sufficient statistic too.

2. («<=) Suppose T = r(xy, ..., X,) is sufficient, then by definition
P(X1=x1,...Xa=Xx|T =t,0) = u(xy, ..., Xp)
Further, in a similar fashion as with the forward direction of this proof,
P(X1=xX1,...Xp=x,00) = P(X1 = X1, ... Xp =x,| T =t,0)P(T = t|0)

From here, we note again u(xi, ..., X,) = P(X1 = xq, ..., X, = x,| T = t, 6) by definition
and set v(r(xi, ..., x,),0) = P(T = t|@) to arrive at

P(X1=x1, ... Xn = x,|0) = u(x1, ..., Xp) x v(r(xq, ..., Xn), 0)

which shows that a sufficient statistic can factorize the joint conditional distribution.

We have proven both sides of the biconditional; this concludes the proof. O
Note:
1. T = r(x,....x,) is sufficient if and only if the likelihood L(8|x1,...,Xx,) =

f(x1,....,xal0) = u(xy, ..., x,) (as a function of 0) is proportional to a function that
depends on the data only through r(x, ..., x,) or

L(6]x1, ..., Xp) x y(r(xl, e Xn), 92 XU(X1, ..., Xn)

P
depends only on r(xi,...,xn)

2. When using the likelihood for finding a posterior distribution, any factor not depend-
ing on 6 can be removed from the likelihood without affecting the calculation of the
posterior.

Point 2 of the note above gives a corollary.

Corollary 3.1.1 (Bayesian Sufficiency). T = r(xq, ..., X,) is a sufficient statistic if and only
If the posterior depends on the data only through T for any prior we might choose, in other
words £(B|xq, ..., x,) = £(O]r(x1, ..., Xn)).

Proof. We prove this for each side of the biconditional.
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1. (=) Suppose the posterior depends on the data only by T = r(xy, ..., x,). Then,

h(r(xy, .... xy), 0) x £(0)
h(r(xi,....x,),0) x £(0)do

§0)r(x, ... xp)) =
J

if we assume the likelihood is factorable, then
£61r(x, .. x)) = u(xy, .. Xp)h(r(xa, ..., Xp), 0) x £(6)
/Qu(xl, X)) h(r(xq, ..., x,), 0) x €(6)d6
L(O|x1, ..., xn)E(0)
/QE(QIXL 0 Xn)E(0)db
=£(0]xq, ..., Xn)

and by Likelihood Fact. Crit. we know T is a sufficient statistic.

2. (<) Suppose T is a sufficient statistic, then by the Likelihood Factorization Criterion,
LO|x1, ..., xn) = u(xq, .., Xp)V(r(x1, ..., Xn), 0). When computing the posterior, we have

£(6lx1, ... ) = L(6]x1, ..., x,)&(0)
/£(9|x1, 0 Xn)€(0)dO
u(xy, ..., xp)v(r(xy, ..., ), 0)€(0)
/ u(xy, ..., xa)v(r(xy, ..., ), 0)£(60)do
v(r(xy, ..., x,), 0)&(0)
/v(r(xl,...,xn),e)g(e)de
=£00|r(xq, ..., X))

Hence, the posterior only depends on the sufficient statistic and is a function of 6.

Since both sides of the biconditional are proven, this concludes the proof. O

To find a sufficient statistic, we use the following steps:

Steps to Find a Sufficient Statistic
1. Find the likelihood function of the data
2. Factorize the likelihood function into u(xy, ..., x,) X v(r(xy, ..., xs), 6)

3. The function that depends only on r(x, ..., x,) is the sufficient statistic by factorization
criterion

(L
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We now give some examples using the idea of sufficient statistics.

Example 3.1.2 (Poisson Sufficient Statistic). Suppose X1, ..., X, " Poisson(6) where 6 > 0
only. We want to find the sufficient statistic for 8. We note that the p.d.f for each X; is

gXie=?
X;!

f(xil6) =

then, the joint p.d.f is

f(xq,..., xy|0) =

1
= | —l ><e><p< ZX,)GXD —nob)

u(X1,...,Xn) v(r(xl ..... Xn),0)

by the likelihood factorization theorem, we know that T = r(Xy, ..., X,) = Y., X; is suffi-
cient for 0.

v

Example 3.1.3 (Continuous Data). Suppose Xi, ..., X, S f where the p.d.fis

ox*! 0<x<1
f(x,-re):{ox o

The likelihood is then

F(x1, ... %,|0) = H9X9_1
i=1

notice that u(xy, ..., x,) does not have to depend solely on the data; it can be a constant as
well. Hence, the statistic sufficient for 6 is T = r(Xy, ..., X,) = [, Xi.
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Example 3.1.4 (Normal Sufficient Statistic). Suppose Xi, ..., X, %J\/’(u,az) where W Is

unknown and o2 is known. Then, the joint p.d.f can be written as

{125

_ 1 1 ) L nu?
= o an DA e 0 o

then the first term is u(xy, ..., X,) since it does not depend on w and the second term is
v(r(xy, ..., x,),0) and depends on the data only through

f(x1, ..., xa|0)

T=r(X1, ... Xa) =Y _X

Hence, Z X; Is sufficient for 6 by the likelihood factorization criterion.

Example 3.1.5 (Uniform Distribution). Suppose Xi, ..., XH%U[O, 0]. We know the individual

p.d.fis
1/6 0<x<9
F(x16) ={ 7 0=x=
0 o.W.

Then, the joint p.d.f can be written as

1/6" 0<x;<0Vi
f(x1, ..., xsl0) = { / -
0 o.W.
Notice if 0 < x; < 6 then we know max{xy, ..., x,} Is in this interval as well. So
0< x5 <6 = max{xq,... x,} <6

We can then write the p.d.f as

1/6"  max{xy,....x,} <6
f(x1,....,x,]0) =
0 max{xy, ..., x,} £ 6
this suggests that T = r(Xy, ..., X,) = max{ Xy, ..., X} is the sufficient statistic and
1/6" t<46
v(r(xy, ..., xp),0) = / -
0 t£6
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and u(xqy,...x,) = 1 leaving f(xq,...x,10) = u(xy,....xp)v(r(xy,...,xp),0) =
v(r(xy,....xp),0). So, for a uniform distribution T = r(xq,...,x,) = max{Xy,..., Xp} is
the sufficient statistic.

v

We now turn our attention to the case where two or more parameters are unknown. Ho_yv
would calculate the jointly sufficient statistics then? To get started, suppose X, ..., X, i

N (u, 02) where both  and o2 are unknown. We are looking for statistics T; and T, such
that

Tl = I’l(Xl, ...,Xn)
T2 = I’Q(Xl, ---an)

If f(x1,...,X,|T1, T2) does not depend on (u,0?) = 6, then we say T; and T, are jointly
sufficient for 8 = (u, 02).

More generally, if Xy, ..., X, i P, where 6 € Q CRKand T = (Ty,...,T,) are statistics for 6.

Then we say that they are jointly sufficient statistics for 8 when f(xq, ..., x,| T1, ..., T,,) does
not depend on 6 = (64, ..., 6,).

To find a sufficient statistic, we use what is known as the Multivariate Likelihood Factor-
ization Theorem.

Theorem 3.1.2 (Multivariate Likelihood Factorization Theorem (MLFT)). Suppose r1, ..., r«
are functions of n real variables. In other words,

T, = ri(Xy,.... Xp) Vi=1,..k
These statistics are jointly sufficient statistics for 6 if and only if
f(xi,....xa|0) = u(xq, ..., xp) X v(ry, ..., 1x, 0)

as before u(xy, ..., x,) can depend on the data xi,...,x, but not on the parameters 6 =
(61, ....0x) and v(ry, ..., rx, 0) only depends on ry, ..., rx and 6.
Proof. We prove the biconditonal separately (only for discrete case).

1. (=) [Contrapositive Method] Suppose T = (T, ..., Tx) are not sufficient statistics.
Then we know P(X; = xq, ..., X;, = x| T, 6) # u(xy, ..., x,) and if we set P(T = t|f) =
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v(ry, ..., rq, 0) we see that

P(X1=x1,....Xn =x,]0) = P(X1 = x1, .., X, = x,| T, ) P(T = t|6)

#u(xy, ..., xn) X v(r, ..., 1, 6)

Is not possible as no joint sufficient statistics exist. Hence, the factorization we are
after does not exist.

2. (<) Suppose T = (Ti,..., Tx) are sufficient statistics. Then we know P(X; =
X1, o0, Xp = Xo|T,0) = u(xy,...,x,) and if we set P(T = t|8) = v(r,...,rx,0) we
see that

P(Xl = X1, ---an = Xn|9) = ID(X]_ = X1, ...,Xn = Xn|T, G)P(T = t|9)

= u(xq, ..., xn) X v(ry, ..., 1, 0)

which is precisely the factorization criterion we are after.

We have just proven both sides of the implication, we have proven the bi-implication. This
concludes the proof. O

We now give some examples illustrating this method.

Example 3.1.6 (Normal Multi. Sufficient Statistics). Suppose X1, ..., X, %/N(u,a2) where
both parameters are unknown. The joint distribution is

n 1 1/ xi—u :
o - 1

x=1x

— (\/2;7)”@@(—2%‘2 (Zx,2 —2uZx,+u2>>

=v(n, rh, @, o°)

This means for the factorization, we have u(xi, ..., x,) = 1 and the sufficient statistics are

Ti=> Xi = p=x=-T,

1 2
T, = X2 = 62==T,—(=T1) =s(T..T.
=YX - (51) =T
The basic sufficient statistics are Ty, To but we can use functions of them to estimate the
unknown parameters w, o2.
v

Example 3.1.7 (Uniform Multi. Sufficient Statistics). Suppose Xi, ..., X, e Ula, b] where
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a < b. We know the p.d.f for each variate is

1
b—a

f(xla, b) = a<x<b

This makes the joint p.d.f as

1

E) BSX/Sb

F(xt, .. Xa|2, b) = (

Notice, if x; > a for each observation, then min{Xy, ..., X,} > a too. Also if x; < b, then
max{Xi, ..., X,} < b too. This lets us reformulate the likelihood as

At oo s B = (ﬁ) (Mmin{Xy, ... X,} > al[max{Xy, ... X,} < b]

where [-] denotes the Iverson Bracket which functions as an indicator variable (1 if condition
in the bracket is true, 0 otherwise). From this, we can see that

f(xq,....,xpla, b) = v(ri(x1, ..., Xn), (X1, ..., Xn), @, b)
and u(xy, ..., x,) = 1 which implies that the sufficient statistics are

Tl = min{Xl, . Xn}
To = max{ Xy, ..., X»}

are jointly sufficient for 8 = (a, b)

There are often several sufficient statistics for a parameter 8. These are usually functions
of the original sufficient statistics we find using the factorization theorem. We know that
X1, ..., X, is a sufficient statistic for any parameter if

X1, 0 X0 S Py
However, these jointly sufficient statistics are not useful by themselves. We would like a
summary form that is sufficient for 8, meaning they closely approximate the parameters in 6.

In other words, for the normal example given above, we know that Xj, ..., Xn%./\f(/vb, 02) are
jointly sufficient for wu, o2. However, we also found out that

Ti=) X, o=) X}
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are also jointly sufficient for u, 2. Which statistics do you think are better preferred, the
data or the sums? We note that Xj, ..., X, requires us to know n values but 71, T only
requires us to know 2. We can show another example were we can have n sufficient statistics
where there might be less that are needed. One such example is with order statistics which
we state as a theorem.

Theorem 3.1.3 (Order Statistics Sufficiency). Order Statistics Yi,...,Y, from sample
X1, ..., X, are jointly sufficient for 8.

Proof. Since Yi, ..., Y, are order statistics, we know y; < y» < --- < y,. The likelihood for
the data is

F(x1, ... xal0) = [ ] £(xi16)

and since the order of the data is ignored for this likelihood, we could also write
f(xa, ... xal0) = [ | (516
x=1

since all possible permutations of the sample are equally likely. Hence, f(x, ..., x,|6) only
depends on the order statistics y, ..., y, and by the factorization criterion, we know Y7, ..., Y,
are joint sufficient statistics for 6. O

Remark 3.1.1. Intuitively, we can always determine y; from the data xi, ..., x,, but we can
never recover X; from the ordered data yi, ..., y, for any j.

¢

Using these ideas, we can define what a minimal sufficient statistic is.

Definition 3.1.2 (Minimal Sufficient Statistic). If T is sufficient and a function of every other
sufficient statistic, then T is minimal sufficient. Further, the vector (T, ..., Tx) is minimal
sufficient when its elements are functions of every other jointly sufficient set of statistics.

L J

Remark 3.1.2. Statistics are data summaries and minimal sufficient statistics are summaries
of every other sufficient statistic.
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We now relate Bayes' Estimation and the MLE to the concept of Sufficiency.

Theorem 3.1.4 (MLE & Sufficient Statistics). Suppose T = r(Xu, ..., X,)) is sufficient for 9,
then the MLE 0y, ¢ depends on X, ..., X, only through T = r( Xy, ... Xp).

Proof. We know by the likelihood factorization theorem that
f(x1, ..., x|0) = u(xq, ..., xn) X v(r(xi, ..., xn), 0)
Further, éMLE maximizes this likelihood and if we examine the log-likelihood, we get
20|x1, ..., x,) = log u +log v(T, 6)

since u does not depend on 6, we can ignore it when we find the maximum. This leaves

the form of the maximum solely dependent on T. Therefore, §MLE must be a function of
T:f(Xl,...,Xn). ]

This fact extends to multidimensional 8 as well.

Theorem 3.1.5 (Bayes' Est. & Sufficient Statistics). Suppose T = r(Xx, ..., X,)) is sufficient
for 8. Then, the Bayes’ Estimator 6*(Xi, ..., X,,) is a function of r(Xy, ..., X).

Proof. We note the form of the posterior is

€0]x1, ..., Xp) o (X1, ..., X|0)E(0) = u(xq, ..., Xn)V(r(x1, ..., Xn), 0)£(0)
x v(r(xy, ..., x,), 0)&(0)
since u(xy, ..., x,) does not depend on 6. Notice, that the form of the Bayes' Estimator
depends on the form of the posterior distribution. We know the form of the posterior distri-

bution depends (is conditional) on r(xy, ..., x,). Hence, the Bayes' Estimator also depends
on r(Xi, ..., X,) as well. O

Fact: Let 6 = (61, ..., 6x) be a real valued vector of parameters. Then also let

One = (61, ..., @k) Maximum Likelihood Estimates
0" = (47, ....65) Bayes' Estimates

Then both éMLE and 0* depend on Xy, ..., X, only through Ty, ..., Tx. Also, @1, ...,ék and
03, ..., 05 are all minimal sufficient statistics since they are functions of every set of sufficient
statistics. 00

3.2 Improving an Estimator
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Now that we have developed the idea of sufficiency, we can use it to gauge how well an
estimator (X, ..., X,,) performs relative to the true value 8 or h(0) we are interested in. To
do this, we need some measure of this performance. One such measure is known as the MSE
or Mean Squared Error. Before we do, we also define what a generalized expectation (for
a function of the data) is.

Definition 3.2.1 (Generalized Expectation). Suppose Xi, ..., X, - P, and let Z =

g(Xi, ..., X,) some function of the data Xi,...,X,. Then, we define the generalized ex-
pectation E(Z) as

E(Z):/---/g(xl,...,xn)f(xl,...,><,,|9)d><1...d><,7

Now we can define the MSE.
Definition 3.2.2 (MSE). Suppose we have X1, ..., Xn'if/P@ and we are interested in estimating
h(0) with 6(Xq, ..., X,,). Then, we define the MSE about h(0) R(h(6),6) as
MSE = R(h(9),8) = E([(estimate) — (true value)]?)
= E([6(X1, .... Xn) — h(6)]?)

L J

Does observing a sufficient statistic change the efficacy of an estimate? We will investigate
this and to note the concept, we will call this quantity the Rao-Blackwell Estimate.

iid

Definition 3.2.3 (Rao-Blackwell Estimator (RBE)). Suppose X1, ..., X,~Py and §(X1, ..., X;,)
and estimator of h(0). Then, the Rao-Blackwell Estimator (RBE) is given by

00(T) = E(6(X1, ..., Xp)|T)
notice that it's random with respect to T .

L J

We wish to compare §, to the original estimate (X1, ..., X,). A theorem by Rao and Blackwell
let's us do this.

Theorem 3.2.1 (Rao-Blackwell). Suppose Xi, ..., X, % Py, 6(Xi, ..., X,) is an estimator for
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h(8), and T = r(Xx, ..., X,,) is a sufficient statistic for 6. Then,
R(h(8).80) < R(h(8).6)
and if R(h(8),0) < oo, then there is strict inequality unless
0(Xy, ..., X,) = function of T

Proof. We will only prove the case where R(h(6),0) < oo since R(h(6),d) = oo implies
that there is nothing to prove (R(h(0),d0) < oo anyway). We note that since V(Y) =
E(Y?)—[E(Y)]? > 0 we know [E(Y)]? < E(Y?) for any random variable Y. Because of this,
we can see that

E[(6(X1, ... Xp) — h(8))]? < E[(8(Xq, ..., X)) — h(6))?]
If we condition on T, then we get we also see
E[(6(X1, ... Xp) = h(O)|T)]? < E[(6(X1, ..., Xn) — h(8))?|T]
and since E[0(X1, ..., X,) — h(0)|T] = E(6(X1, ..., Xp)|T) — h(6) = do — h(6) we can write

the equivalent form
[0 — h(8)]* < E[(6(X1, ..., Xn) — h(6))|T]

From here, we take the expected value with respect to T to marginalize it out, yielding
[E(60 — h(60))?] < E{E[(6(X1, ... Xa) — h(0))*T]} = E[(6(X1, ... Xa) — h(6))]
where the equality is given by the law of iterated expectation. We can rewrite the above as
R(h(6),60) < R(h(6),0)
by definition of MSE. This proves the Rao-Blackwell Theorem and concludes the proof. [

We can also define another type of error to see how well our estimator performs known as
the Mean Absolute Error or MAE. \We define it below

Definition 3.2.4 (Mean Abs. Error (MAE)). The Mean Absolute Error or MAE s defined
as a mean deviation R(0, ) such that

R(6,6) = E(|6(X1, ..., Xn) —0])
LJ

To see If an estimator is working above all others in terms of error we use the concepts of
inadmissibility and admissibility.
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Definition 3.2.5 (Inadmissible Estimator). For their MSE or MAE, we have an estimator §
/s inadmissible /f there is another estimator 6y such that

R(0,8,) < R(6,8) VYeQ

with a strict inequality for at least one 8 € 2. In other words, dq has a lower MSE or MAE
for at least one 6 and never has higher MSE or MAE.

We also say in this case that §, dominates ¢.

Definition 3.2.6 (Admissible Estimator). We say an estimator ¢ is admissible when there is
no other estimator dq that dominates §.

L J

Remark 3.2.1. Notice if 6o = E[0(Xy,...,X,)|T], then &y will dominate 6 by the Rao-
Blackwell Theorem. Therefore, if we can conclude that an estimator ¢ is a function of the
data not only through a sufficient statistic it is dominated by dq. Hence, such an estimate is
inadmissible.

We now give an example illustrating this process.

Example 3.2.1 (Customer Arrivals). Suppose the number of customer arrivals within some
amount of time is modeled by the Poisson distribution. If we set X, to be the ith count of
arrivals for the ith interval check, then we say Xy, ..., Xn'r'gPoisson(Q) where 8 is the unknown
parameter we are interested in estimating. 6 measures the rate of occurrence of customers
arriving. We wish to estimate the chance of exactly one customer arriving in some time
interval. To build an estimator for this chance, we first define

{1 FX =1
Yi:
0 o.w.

It is then known that Y; % Bernoulli(p) where p = P(X; = 1) = 8e=% = h(9). We estimate p
with p = > Y;/n. Hence, 6(X1, ..., X,) = >_Y;/n. Now, for the Poisson Process X, ..., X,
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we know T = Y X, is sufficient. So, for one observation, we have

EY|T=t)=P(X;i=1|T =1t) (Yi=[Xi=1])
P(X;=1,T =t)
~ P(T =09
PXi=1DP (X Xi=t—1)
P(T =t)

Since the sum of independent Poisson distributions are Poisson themselves, we have

en@(ne)t

P(T =t)=—

and also

o e ([n—1]6)""
P(X1:1)P<;X1:t—1):9e X S

taking the ratio of these two quantities gives

E(YY|T =t) = % (1 B l)f—l

n

notice that if t = 0, we know E(Y;|T = 0) = 0. The Rao-Blackwell estimator &g is then

8o(t) = E(6( X1, ... X,)|T =1t)
_E Ezy,
- %ﬁ;EW: f
s HEDN
()

In practice, this estimator for p performs better than (X4, ..., X,) since it has a lower MSE.
Notice that §(X1, ..., X,) is inadmissible.

&

v
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Chapter 4 — Sampling Distributions of Esti-
mators

In this chapter we discuss how estimators (such as the sample mean) can have distributions
and their various properties. Recall that if we have Xy, ..., X, s Py : 8 € 2, we can calculate

some statistic T = r(Xy, ..., X,,) that estimates 6 or T € Q to be more precise. All estimators
are random in nature, so they too have a probability distribution and we define them as follows.

Definition 4.0.1 (Sampling Distribution). Under any valid statistical model Py with statistic
T, we call fr(t|0) the sampling distribution of T given 6.

L J

Note: We could also calculate a quantity called T(Xy,..., X,,6) and this would not be a
statistic for an unknown 6, but as a function of X, ..., X, it has a probability distribution
induced by the distribution of Xj, ..., X,. 00

One popular statistic for the probability distribution of T is E¢(T) which is the mean of T.

Example 4.0.1 (Bernoulli Distribution). Suppose Xi, ..., X40 G Bernoulli(6). Then,

é‘: 221 Xi - T
40

then, 40T ~ Bin(40,0) where t € {0,1/40,2/40, ..., 1}.

Example 4.0.2 (MLE of u). Suppose X, ..., X, %N(u, 02) and we estimate the mean with
the MLE or i = X. We can show that

2
)?NN(M,%)
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Note: this is not by the CLT, this is an exact distribution.

4.1 Need for Sampling Distributions

In our setup so far, we have 8 = the unknown parameter, Xy, ..., Xn“ng and T = r(Xy, ..., Xn)

as a statistic and estimator of 8. We are now interested in an ideal § = T = r(Xi,.... Xn),
that is, one 'close’ to 6. How might we measure this?

There are many ways. One possibility is to look at the chance
P(|0—0| <e)

for some small value €, e.g € = 0.1. Ideally, for small €, we would like the probability above
to be high. This makes 8 a 'close’ estimator.

Example 4.1.1. Suppose X1, ..., X3 (S exp(0). We know

f(x)=0e x>06>0

and pick the statistic T =Y. X; ~ Gamma(3,0). Further we have,

(Bprior ~ Gamma(a = 1,6 = 2))
This makes

G(6) = P(|0— 0| < €lo)
= P(—e<8—0<¢ld)
= F§(9 = 6) - Fé(@ — E) ~ dFé

Now, we know
~ 3
Fa(t) = P (< tlo) = P (r > E‘e) for MLE
4
=P (T > i 2‘9) for Bayes’
In practice, we will manually plug in values for 6 for a chosen € and generate a probability

function G that describes the chance of observing each probability for a fixed 6. This works
for the MLE. To find the value P(|6 — 6| < €), we take the mean of E[0] using G as the
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distribution function and use it in P(|6 — 6| < €). For the Bayes' estimate, we simply compute
E [G(0)] using the prior distribution £(0) giving

E[G(9)] = /QG(e)g(e)de =P(|6-06| <e)

v

Note: We can also calculate R

)
for a fixed €, say € = 0.1. Now, R

) 3

6 6T
where 6T ~ Gamma(a = 3,8 = 1), whence

6
P<5—1 gee) =0.134

does not depend on 6. 00

We will need several several sampling distributions that arise frequently in inferences.
1. x?2, distribution

2. t,, distribution

The x? distribution has its roots in the Gamma distribution and is a a Gamma distribution
with special parameters. Suppose X ~ Gamma(a, 3), then X can be described by the p.d.f

f(x) = l_?;)x"‘_le_ﬁx x>0;a,6>0

Notice when 8 = 1, we the gamma integral () becomes

Ma) = /OOO x* e ™Xdx = (o — 1)!
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typically we assume « is an integer for our calculations. If we let a = % and B = % then we
can rewrite the p.d.f as

1\M/2 —x/2. m/2-1
> e /°x
o = e
r(3)
B Xm/2—1e—x/2
T 2R
Further, if m = 1, then we have
)= xaxi=c 2,1/2
X)= —— ~ = Gamma(l/2,1
=" X~ (1/2.1/2)
and we can show that
M[(1/2) =vm
For the general distribution where a = % and B = % we know the moment generating

function (MGF) 9 is

N3

Yx(t) = (1 —12t>

and the mean and variance of X ~ Gamma(m/2,1/2) is
E(X)=m V(X)=2m

The x? distribution can also be related to the normal distribution since if Y ~ N(0, 1) then
Y2 ~ x3. We now give a proof of this fact.

Theorem 4.1.1 (Square of Normal). IfY ~ N(0,1), then Y? ~ x3 = Gamma(1/2,1/2).

Proof. We begin with Y's c.d.f and use it to construct W = Y?'s c.d.f too. We reason as
follows

F(w)=PW < w)=P(Y*<w)
= P(—vVw <Y <Vw)
= d(vVw) — d(—vw) (® = cum. norm. c.d.f)
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then,
f(w) = F'(w)

=p(vw) (%ym) + p(—vw) (%ym) (¢ = norm. p.d.f, chain rule)

= p(Vw) (y %) (o(=vw) = p(vVw))
_ (@)71‘/‘/71/267\/,//2

w172
= =06
V2
Wa—le—ﬁw
_ P
G

—w/2

X we te™Pw

The last form implies W = Y2 ~ Gamma(a = 1/2,68 = 1/2) = x3 as we sought to show. [

Why do we need the above theorem? It allows us to prove some facts a_bout sums of squares
of normal distributions. Among some, we can prove that if Xi, ..., X, 'f'vd/\f(u, 02), then

Facts About Sums of Sq. of Normal
> XE o (ifp=00"=1)
=1
1 ¢ v \2 2
? Z(XI - X) ~ Xn—]_
=1

1 n
2 > (Xi—w)?~x3 (1 unknown)
=1

Using the x? distribution, we can create another type of distribution known as the t-distribution.
Suppose Y ~ x2, Z ~N(0,1), and Y 1L Z, then we say that X ~ t,_; when

V4

\VY/m

X:

(m = degree of freedom)
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The probability density function of a t-distribution with m degrees of freedom (df) can be

written as
e (e
“”:Vmﬁm@<*+ﬁ)

The t-distribution has finite absolute moments up to its degree of freedom m. That is,
E(|X]) <oo  fork<m
Note, however, the MGF for a t-distribution does not exist. The t-distributions we will discuss
are all central and have a mean of 0 or £(X) = 0. Further, the variance can be given as
m

V(X):m form>2

To derive the p.d.f of t, we set the two random variables that make it up as independent
or Y 1L Z. As a reminder, Y ~ x2 and Z ~ N(0,1). We then create two new random
variables X and W such that

X = V4
_\/Y/m
W=Y

To find the t-distribution density, we first find the joint distribution of X and W. Notice that
both Y and Z can be written as functions of X and W or

W 1/2
Z:sl(X,W):Xx(E) Y = (X, W) =W

So, when we compute the joint distribution of X, W we are using a transformation of variables.
Hence, we can write

fxw(x, w) = fyz(s1(x, w), sa(x, w)) x det(J)

where
0Z/0X oY /oX

J =
8Z/oW  aY/ oW

Now, fxw(x, w) = fin(w) x fxjw=w(x) by conditional probability and to obtain the marginal
distribution of X integrate out W. That is, compute

AMMWOXMWW&MWZ&Q)

Note: The t-distribution is symmetric like normal. Also, as m — oo the t-distribution tends
to a standard Normal distribution. Notice, that when m = 1, the t-distribution is a Cauchy
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distribution:

T x2\ 7!
f(tlm=1) = 7D (1 + T)
1

- (1 + x?)

So, how to we use these distribution’s in practice? We will show the following facts which
are useful for statistical inference:

Facts for Statistical Inference
1 (n=1)6% =370 (Xi = X)? ~ X5y - 07
2. If X ~ N (u,0?) and 62, X are independent, then
X —pu

e

Definition 4.1.1 (Orthogonal Matrix). A matrix A,x, is orthogonal if
A/ — Afl

In other words, an orthogonal matrix is a norm-preserving operation for all vectors in the
subspace it acts on. Each vector the makes up the column space of A forms an orthonormal

basis. We can also say
AA = AA= .,

Theorem 4.1.2 (Determinate Value). For an orthogonal matrix A, we know |det(A)| = 1.
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Proof. Since A = A’ by definition, we know det(A) = det(A’). Further, it known as property
of determinants that for any matricies A and B that

det(AB) = det(A) - det(B)
It then follows that

det(AA") = det(A) det(A")
= (det(A))* =1 (A is orthogonal)
= |det(A)| =1

as we sought to show. O

Theorem 4.1.3 (Norm Preservation). If the matrix A is orthogonal and Ax = y for any
vectors x, y, then |ly|| = ||x||. Note that || - || signifies the norm or length of the vector.

Proof. We compute the norm of y as follows

Iyl =Y "y2=yy = (XA)(Ax) (y = Ax)
| = x’\/l’éx
/
=xx=) X
= ||x||?
Which is what we sought to show. O

With these facts in mind, we can start with some statistical facts about normal distributions
and their transformations.

Theorem 4.1.4 (P.D.F of Orthogonal Transformation). Suppose X1, ..., X, '151./\/(0, 1) and

A, is orthogonal with y = Ax, then Yi, ..., Y, 'EN(O, 1).

Proof. We note the joint distribution of the Xy, ..., X,'s is

f(Xl, ...,Xn) = Wexp <_% ZXIQ>

In this setting, we perform the transformation x = A™'y where A is orthogonal. Because of
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Norm Preservation, we know Y. x? = . y?, we can write the joint p.d.f of Y, ..., Y, as

f(yi, oY) =] - F(xa, .o, Xn)

:1-Wexp<—%ZyF> (J:Aand ZX?:ZJ/’?)

which is the joint distribution of Y7, ..., Y, %l/\/’(O, 1). This concludes the proof. O

Lemma 4.1.1 (Independece of X and S?). Suppose Xi, ..., X, %N(u,ﬁ) and we define
S2=3(Xi=X)? and X =157, X,;. Then, X 1L 52,

Proof. Suppose we have 73, ..., Z, i N(0,1). Then, let
, 1 1
v=(—,...,—
Vo' /n
be a row vector. Then define an orthogonal transformation A such that
u/
row 2
row n

where it is constructed using the Gram-Schmidt method. Let Y = AZ and we have Y, ..., Yn%
N(0,1) as well as

which implies

=322 nZ (ZZ?:ZY,?,Yl:\/ﬁZ)

Since each Y; are mutually independent, we know .7, Y2 1 Y; and by the alternative forms
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given above, we have

which implies

Now, when X1, ..., X, " N'(i, 02) we can write

X-w 15
= :>Z—U(X 1)

Z

and
n _ 1 n _
2 2
;:1(2:‘ —Z) = -2 ,§:1 (Xi = X)

but since X;'s are the only random quantities in the equations above, we have
n
XY (Xi—X)? =82
i=1

This concludes the proof. ]

Theorem 4.1.5 (Distn. of S2). If Xy, ..., X, " N (i, 02), then S? = S (Xi=X)2~x2_ 0%
Proof. With the addition and subtraction of X in (X; — ) we can rewrite it as
(Xi = w)? = (Xi = X)? + (X = p)® = 2(X; = X)(X — )

the sum of the above indexing by / becomes

n n

SO — 1P = D06 = X2+ (X — w2

x=1i i=1
since >_;(X; — X) = 0. If we divide by the variance of the X;'s 02, then we get

> (2t -3 (22) 4 (228)

N J/ J/

< A

Now, the C is the sum of squared standard normals, so it is distributed x2 and B is a squared
standard normal, so it is distributed x2. We know A 1L B by Indepenence Lemma. Since
only sums of squares of independent standard normal variates make up a x? variate, it is then
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apparent that A ~ x2_; which implies that
SP=> (X=X ~xi, 0
i
as we sought to show. [l

With these facts in mind, we can derive one important fact about the sampling distributions of
the standardized sample mean using the sample variance 62 as an estimator of the population
variance o?.

Theorem 4.1.6 (Distribution of t-statistic). The random quantity (X — wu)/+/62/n follows
a t-distribution with n — 1 degrees of freedom.

Proof. We will find an alternative from of the expression
X —

62/n

:

We reason as follows

X—p X—u 1/y/a%/n
Vo2/n  \/62/n 1/\/o%/n
X—p _ (R-w)/(JoTn)
2/ N
N(0,1)

~N =1
\/ X5 1/n—1

where the last line came from the facts:

EX)=u V(X)=0%/n

R n—1
(n—1)02:n_152:52~xﬁ_1-02
6? 5
= ;an—l/”—l

This concludes the proof. O
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Chapter 5 — Confidence Intervals (Cls)

The basic idea behind a confidence interval is to find an interval [A, B] such that
POelAB)>21-a=xy

where we determine/choose the significance level a. Here, we have A and B as functions of
the data we have soon to be collected Xi, ..., X,. In other words,

A=AX1, ... X))  B=B(Xi ... X))

~
functions of Xq,..., Xn

The probability statement is about A, B as functions of random variables X1, ..., X,, not about
0, which is considered fixed.

Example 5.0.1 (Cl for Log. Rainfall). Suppose X, ..., X, ';ivc//\/'(u,az) where

Xi = log rainfall

X = sample avg/mean log rainfall
o' = estimator of o

Then, by our previous theorems about the t-distribution, we know

U= VX -
_TN n—1

where U does not depend on an unknown parameter, i.e. the distribution is t,_, for all possible
w we may have. We can find values |a, b] such that

Pla<U<b)>1l-—o=nv
and by symmetry of the t-distribution we can choose a = —b; call it c. This then gives us
P(~c<U<c)>1-a=x

To get the equality in the above statement, we will set ¢ = T, (1 —a/2) which is the
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(1 — a/2)th quantile of the t-distribution. With this, we can derive the interval as follows:

P(—CSMSC

0—/

) — P (~co’ < V/A(X - ) < co)

O./

_ o’ _
=P|X-c—=< p <X+c—=|=1-a
VN T~~~ vn
N—— fixed N——
random random

This makes the (1 — a/2)100% Cl as

_ 0/_ /
A Bl=|X-c—, X+ c—
4. B] ‘T

If we let 1 —a =« = 0.95, then we find ¢ = T,5*(0.975) = 2.060 and c/+/n = 2.060/+/26 ~
0.404. Hence, the bounds for the interval are

A= X —0.4040"
B = X + 0.404¢’

in this case.

5.1 One/Two-Sided Cls

With this example, we can now give a formal definition of a confidence interval.

iid

Definition 5.1.1 (Two-Sided Cls). Suppose Xi, ..., X,~ P, : 8 € Q and g(0) is only a function
of 0, then if
PAA<g(®)<B)>1-a=1v

we can say the interval [A, B] is a coefficient -y confidence interval for g(0). Further, if we
have
P(A<g(6) <B)=~

the Cl [A, B] is called exact.
L J

Note: The v confidence coefficient is a statement about the chance the sample statistics will
lead to an interval containing g(6). In addition, the statement P(A < g(0) < B) > -y does
not uniquely define an interval. For instance, any two values A =T, % (v;) and B =T, % (1)
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such that v, — 1 = v where 7, > «y; will create a (7)100% Cl. We can thus write,

P (T, (m) <9(0) < T, (1) =7

for any CI with CI coefficient «y. When the distribution is Normal, we can have an exact Cl
for the population mean w. In practice, we choose v; = 1 — 7, (equal areas on both ends)
because it provides the shortest interval. 00

If we are only interested in a one-sided interval (one with an upper or lower limit that is
infinite) as we could be when we are estimating A from an exponential distribution, then we
have a definition of it as such:

iid

Definition 5.1.2 (One-Sided Cls). Suppose X1, ..., X,~ Py : 6 € Q and g(6) is only a function
of 0, then if

P(A<g(0)21-—a=19y
or

P(g(0) <B)>1—oa=xv

then, we have a one-sided coefficient v Cl where A is the lower confidence limit and B is
the upper confidence limit.

L J

For the mean of a normal distribution @, we have the upper and lower bounds for one-sided
Cls as

_ o’
A=X+T.5(7)—F~
7

_ 1 o’
B=X-T_"_ —
nfl(q)\/ﬁ

5.2 Pivotal Quantities

In order to construct Cls, we need to make sure we have what are known as pivotal quantities.
These quantities allow us to isolate the desired quantity (parameter) and form a probability
statement about it. We define a pivotal quantity as follows:

Definition 5.2.1 (Pivotal Quantity). Suppose X1, ..., X, - Py : 6 € Q, then if we can make a

random variable \V/ (X, ..., X, 8) whose distribution is the same for all 6, then V is called the
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pivotal quantity or pivotal. Such a pivotal is useful for constructing a Cl for g(6) if there is
a function r that can 'invert’ the pivotal to isolate g(0). In other words,

r(V(Xy, ..., X, 0), X1, ..., Xp) = 9(0)

Example 5.2.1 (ldentifying a Pivotal). To give an idea for it we note here that 5/_\;% is a
pivotal quantity when the data is Normally distributed. For example, U ~ T,_y for all values

of i and the function’s image that inverts this pivotal is given by

PV, X1, oo Xn) = 9(8) = o= X — u—=

3

Using the idea of a pivotal, we can formally define the endpoints for a Cl.

Theorem 5.2.1 (Endpoints for Cl). Suppose Xi, ..., X, 2 P, : 8 € Q and a pivotal

V(X1,..., X, 0) exists. Let G = c.d.f of V that is,
G(v) =PV <v) (continuous)

If we then also assume r exists and is strictly increasing in V' for each Xy, ..., X, and define
the confidence limits as

0<y<l1 Y2 > M Yo—"1 =7
then the following statistics are endpoints of an exact «y coefficient Cl for g(0):

A=r(G (), X1, ..., Xn)
B=r (Gil(’YQ),Xl, ...,Xn)

Proof. Since r is strictly increasing, we know that for any constants ¢;, ¢ such that
ag<V<o
we equivalently have

I’(Cl,Xl, ...,Xn) < g(@) < r(CQ,X]_, ...,Xn)
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If we then set ¢; = G1(vy;) for i € {1, 2}, then we have

P (Gfl(’)’l) <V< Gfl(’Yz)) =P (r(Gfl(’Yl)vXL o Xn) < 9(8) < r(GH(72), X1, ---,Xn))
~P(A<0(0) < B) =1

which implies

A:r(Gfl(’yl),Xl ...,Xn>
B:r(G_l(’Yz),Xl ...,Xn)
as we sought to show. We can make a similar argument for a one-sided interval. (]

Example 5.2.2 (Cl for ). For the Cl for u when we sample from Normal, we have G = T,
and

Y1 =

N[N

Mo =

since we want a symmetric interval. The inverting function r is given by

/
r=X-TA() =

Vn
Notice it is only a function of Xy, ..., X, and G™1 = Tn__l1 which lets us write it as r =

r(G71(+), X1, ..., X,)). In previous examples we found out that

A=X - G*@)j—% = (G (), Xa o Xo)

B=X— G*(fm% — (G (1), Xa o Xo)

which is the same form as we derived in Endpoints for C/

Example 5.2.3 (Approx. Cl for Poisson). Suppose Xi, ..., X, - Poisson(0) and we sample n
large so X = 6 ~ N(6,0/n). We know by the Delta Method that 2X/2 *?C* AF(26Y/2,1/n)
and this allows us to state

P (|2X1/? = 2012| < ¢) m 2d(cn'/?) — 1
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which implies that an approximate Cl for 20/ s
2012 € [—c +2%V2, ¢ + 2817
For an interval for 6, we then perform inverse (monotonic) operations to isolate it:

202 € [—c+2X?, ¢+ 2X'/?]
= 02 € [~c/2+ X2, c/2 4+ X'/?]
= 0 € [(—c/24+ X?)?, (c/2+ X*?)?]
If we want a 95% Cl for 6 assuming n = 100 we simply set ¢ = 0.196 in the above expression.

v
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Chapter 6 — Credible Intervals (CDIs)

Credible intervals (CDlIs) are a Bayesian analogue of Frequentist confidence intervals. How-
ever, since the population parameters are random variables, we interpret them differently.
There are still endpoints A, B such that 8 € [A, B] only A, B are usually dependent on the
data as well as parameters for 8's prior (or posterior) distribution. The probability statement
we make Is

N~ T M~ T =~
fixed random fixed

P(A < 6 < B)Zl—a:fy

and is interpreted as ‘there is chance > 1 — « that the interval [A, B] contains 6'. Notice how
this is different from the frequentist interpretation where the endpoints A, B are random and
the one we observed is from a set that contains 6 (1 — a)100% of the time. More formally,
we define a credible interval as follows:

Definition 6.0.1 (Credible Interval). Suppose Xi, ..., X, 2l Py :0€Q and 6 ~D. Then we

say we have a 1 — o = =y credible interval when
P(A<6<B)=q

where A, B are quantiles of distribution D.

L J

Our focus with credible intervals are on samples from a Normal Distribution. So we will give
a view of this distribution from the Bayesian perspective.

6.1 Bayesian Analysis of samples from a Normal Distri-
bution

In Bayesian statistics, the variance gives information about how well our minds know what
values a parameter can take. When the variance is high, we can say we have low precision
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about the parameter and when it is low we can say we high precision about the parameter.
We formalize this concept below

Definition 6.1.1 (Precision). The reciprocal of the variance o is known as the precision of
the random quantity 8 we are interested in. We denote the precision with T and have

L J

If we have X, ..., Xn'r'vd/\/'(u, T), then in Bayesian Analysis w, T are random variables with prior
distributions. We have seen estimates of u based on the posterior distribution £(u|x, ..., X»)
under the squared error loss and that the Bayes' Estimator was the mean of the posterior
distribution.

When both w, T are unknown, however, we need to specify priors for both parameters. In
Bayesian statistics, we specify the density of a normal variate X as

Fxlp, 7) = (%) " exp {—%T(X - u)z}

and the joint density of Xy, ..., X, is thus

T \"/2 I
f(x1, ..., Xnllt, 7) = <%> XeXp{_ETZ(Xi—M)Q}
i=1

We desire a prior £(u, T) that is a conjugate prior jointly for (u, 7) so that a Bayesian update
using the data yields a distribution that is of the same family as £(u, 7). By probability laws,
we know £(u, 7) = &1 (u|T)éx(T). To find & (u|T) recall that when 02 = 771 was assumed
known we showed that the family of Normal priors was a conjugate family of priors, i.e. it
resulted in the posterior also being a Normal distribution. It is then natural to have &;(u|T)
as a normal distribution with precision AgT.

More specifically, we write &;(u|T) as

&i(ulT) = (%) exp {—%XOT(M - Mo)z}

and set 7 ~ Gamma(ag, By), making the p.d.f of it as

ﬁgo 7—0(071 e*ﬁoT

“7) =" )

and in terms of proportions this gives

€5(T) oc T Le=hoT
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Note: (5;°/I(ap) is a constant that allows the integral with respect to T to integrate to
1—it does not affect the shape of the distribution. 00

When we multiply & (u|7) and &(7) to make &(u, T), we have what is known as a Normal-
Gamma Prior with hyper-parameters g, Ag, &g, Bo.

Under these specific priors, we will show that the family of joint priors (for u, T) is a conjugate
family of joint distributions. This, in turn, with then imply that the joint posterior of w, T
is also of the same family of distributions, i.e. we have a Normal-Gamma Posterior with
hyper-parameters w1, A1, a1, B1. Before we do this, we give some notation used in the proof:

Notation: \We use the following notation for averages (sample) and sums of square deviations

not dividing by n here

®

Theorem 6.1.1 (Normal-Gamma Posterior). Suppose Xi, ..., X, %N(u, T) where w, T are
both unknown and the supports (domains) for both are

—00 < U <00 T7>0
Then, if uw|T ~ N (o, AoT) where g, Ao > 0 and T ~ (o, Bo) where ag, By > 0 we have

(|7, X1 oo Xn) ~ N (11, A1)
(T|x1, ..., xn) ~ (a1, B1)

where
Aoko + nX
/O T 7 A = A
! >\0+f7 ! 0+n
_ n _ 1, nho(Xx — po)?
=0ty Pr=Fot 58"+ 500 F 0

Proof. We will begin with the proportional form of the posterior distribution &(w, T|x1, ..., X»):

E(p, TIxa, o Xp) o< F (X0, ooy Xnl b, T)EL (1 T)E(T)
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IR 1
o 7" exp {—gT z;(xi - M)Z} x T2 exp {—EAOT(M - M0)2}
1=

x 7% T exp {—BoT}

i=1

T [Z(X/ — 1)+ Xo(p — Mo)zl - BOT}

ntl
= 7T lexp {—

Nl—= N =

= 720t 5 T exp {— T [% 4+ (X = 1)* + Ao — o)?] = BoT}

T [n(X = 1) + No(k — 1o)?] ¢ - exp {—7(s*/2+ Bo) }

J/

N[ —

ntl
= 70t 1 exp { —

(N

A

From here we note that A can be simplified as follows

n(x — ) + Xo(p — to)® = n(X* — 2% + pu*) + Ao(” — 2pupio + 15)
= w?(n+ Xo) — 2u(nx + Xopo) + (Nous + nx?)
Xolbo + nx Aol + nx?
— 2 _ gy || S0 T P 200 T TR
(”+>‘°)[“ “( ntr ) T\ 0t

X4+ Moo\ (Aop2 + nx? A
:(n+>\o){(u_nx+ ouo> (A3 + nx2)(n+ Xo)
n+>\0

(n aF >\0)2
~ (nx+ Xouo)z}
(n 4 >\0)2
nx -+ >\O,u,o)2 wa(nXg) — 2nXoXtho + Aonx?
=(n+X — +
(n 0) (:u’ n+ >\0 (n+ >\0)2
nx 4+ >\0/.L0 2 n>\0(/J,0 — )_<)2
— A _ A AAolHo = X)7
(n+ 0)(“ n+ o ) (n+ Xo)
this results in the simplification as
- 1 nxX + Xotto \° . Mo(lo — X)?
PP S B SR P ( _A> Mo(po =31 |
T exp{ > (n+MXo) [ P (1t 7o)

exp {—T7(s*/2+ o) }
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and grouping terms for w, 7's distributions we arrive at

1 nx + Ao 2
= 7/2exp {—§(n+>\0)7 [(u— T}\OOO) ]} X

o+ I-1 (2 nAo(ko — X)?
T exp{ 7'(5 /2+ﬁo+—2(n+>\o)

o E1 (| T, X1, oy Xn) - &2(T| X1, -, Xn) (Normal — Gamma)

The results above imply that

>\0M0+n)_<
H1 o T 1 ot+n
B n _ 1, nho(Xx — po)?
il Pr=Fo+ 35+ 00k 0
as we sought to show. O

Now that we know that the Normal-Gamma is a conjugate prior, it is also useful (for credible
intervals) to know the distribution of u itself.

Theorem 6.1.2 (Distn. of ). If u|T ~ N (o, 02 = [Ao7] 1) and T ~ Gamma(ayg, Bo), then

we have ye
Aot
( goo) (& — o) ~ toag

Proof. We begin with the random variable Z such that

7 =ETE0 o (i — o)

(0}

Notice that Z ~ N(0, 1) but not matter what the value of 7 is, we will always have Z ~
N(0,1). Thismakes Z 1L T, that is, if we hold u as random and 7 known, i.e. f,(z|T) = f(2).
Now we create another random variable Y such that Y = 28,7 which implies Y ~ x%ao. Since
Z 1L 7, we have Z 1L Y too. This, by the definition of the t-distribution, gives the random
variable U the form

_ Z . (>\07')1/2(,UJ—M0) . (Aoao)l/z( — o) ~ t
B Y/ 2 - (2607/2a0)1/2 ~\ Bo H o sa0

which is what we sought to show.

Note: Accordingly, the marginal posterior of w, i.e. w|xi, ..., X, is also tyq, due to Normal-
Gamma distributions being a conjugate family. 0

We can now give some facts about the marginalized distribution of w.
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Theorem 6.1.3 (Summary Stats of Marginal w). Suppose that w, T ~ Normal-Gamma with
hyper-parameters (g, Ao, @o, Bo, then if g > 1/2

E(u) = 1o

and if ag > 1 5
Vig) = — 290
) Ao(ag — 1)

1/2
Proof. Since (%) (u — o) = U, we can also say

1/2

AoQo

where we know U ~ tp,,. Because of this we know from t-distribution facts that

E(U)=0
V(U) - Qg — 1
This then makes
Bo 1/2
E(w)=E <>\an> U+ o ¢ = o
. Bo . Bo O
V(,U/) n )\oao\/(U) B )\an Qg — 1
__ B
Ao(cp — 1)

which are the forms we sought to show.

Note: for the posterior we have the same forms only we set g, Ao, Qg, Bo tO 1, A1, @1, B1.
O

6.2 Credible Intervals Based on Posterior Distribution

We can use the posterior distribution to find intervals (called credible intervals) by determin-
ing quantiles for the prior and/or posterior distributions.

Example 6.2.1 (Credible Interval for p Prior & Post. (pg. 500 in book)). Suppose w, T ~
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Normal-Gamma where

Lo = 200 V3 = 3150
ag =2 By = 6300
>\0 S 2

Then the random variable U follows a t; distribution since 2ag = 4. The form of U is then
given by
5.9\ /2

The 95% prior credible interval is then
P(—2.776 < 0.025(p — 200) < 2.776) = P(89 < p < 311) = 0.95

For a posterior interval, we receive the data

X = 182.17 s? = 88678.5
which implies
W = 183.95 A1 =20

Now the random variable U|xy, ..., x, follows a ty, distribution since 2a; = 22. The form of
U|xi, ..., X, Is then given by

20-11

1/2

Ulxi, ..., xp = (

The posterior credible interval is then

P(—2.074 < U < 2.074|xq, ..., x,) = P(152.38 < u < 215.52|xq, ..., X,) = 0.95

For comparison, the t condfidence interval bounds are

/
B =X+ tir0ors—=

NG
88678.5
18

=x+2111
= 218.09
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O.I

A=X— f17;0.975%

88678.5

— % 2l
x 18

= 146.25

We sometimes choose an "improper prior" in the sense that the prior is not a probability
distribution. For example, if we are interested in the mean of a normal distribution w, we
could choose the prior as £(u) = 1 for —oo < u < oo, but this is improper since

/ Z ()

is not defined. So, £(w) is not a "real" prior p.d.f.

Similarly, we can choose an improper prior for o. Typically thisis g(o) = 1/0 for 0 < 0 < o0

and again the integral
/ g(o)do

is not defined. If we wish to do Bayesian analysis with o, then we know that since 0 = 7~
the improper p.d.f is

1/2

1
E(1) = ET’I forT >0

by the transformation of variables theorem®. If we, since the priors are improper, say u L T,
the joint improper p.d.f is then

E(u, T) = %T‘l

We can now compute the (proper?) posterior distribution from this improper prior as follows

E(w, T|x1, ..., xn) o< E(u, T)F (X1, ..., Xp| b, T)

~1,.n/2 {_I 2 N7 _—2}
o T T exp S > (u—X)
2
= [7'1/2 exp{—ﬂ(u—i)Q}] x |77 ~Lexp >
X NS E >

Isince we want an improper prior for T it is fair to write £(7) = at~ ! for any real a too
2by Bayes' Theorem
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Notice that A is proportional to the distribution N(X, nT ) and B is proportional to the
precision

distribution Gamma(“5%, ). This implies that

WlT, X1, oy Xo ~ N (1 = X, 71 = nT) (A1 = n)

~1 2
T|x1, ..., X, ~ Gamma (alz d 51:%>

2 1

Notice, for a proper Normal-Gamma prior we have

Aoko + NX
=7 A = A\
H1 & 1 1 o+ n
o n o 1 2 n>\0()_< _ /,L0)2
A=t 3 Pr=Bo+ 55"+ =55 0
and if weset A\g = 0, g = —1/2, and By = 0, then we arrive at the posterior hyper-parameters

using the improper prior. Also, if we set ug = 0 then we get a prior for u centered at 0.

Example 6.3.1 (Improper Prior Credible Interval). We begin with the improper joint prior
distribution we just created for our state of mind before collecting the data:

1
() = 5T oc 7

and this is equivalent to choosing the 'improper prior hyper-parameters’ \g = 0,09 =
—1/2 and By = 0. Note, however, that this is different than individually choosing the im-
proper priors for i and T as we discussed above.?

We know that the posterior i, T|x1, ..., X, will be a Normal Gamma as we have already shown.
So, when we collect data and observe

n=26 X =5.134 s> = 63.96

we observe the posterior hyper-parameters as

[.61:)_(:5134 >\1:n:26
n—1 1, < o
o =—— =125 Pr=13s = (x—x)?=31.98

which in turn allows us to calculate U as

26-12.5\ 2
Z(iﬁag) (=544

= 3.188(u — 5.134)
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Thus, the 95% credible interval for u is obtained as follows

P (—2.060 < U <2.060) = P (—2.060 < 3.188(u — 5.134) < 2.060)

3.188 3.188
=P (4.488 < u <5.78) =0.95

—2.060 2.060
=P( +5.134§u§—+5.134>

Note: The abstract form of U using only the forms for the posterior hyper-parameters is
given by

[ _n(n=1)/2 N\
U= (sre ;) -9

(i) w7

n\1/2 _
= (52) -0~ b

and the credible interval then becomes

(o)
Vn

This has the same form as a t confidence interval for the population mean. Note, however,
that the two are different in interpretation: credible intervals reflect our certainty about a
parameter belonging to an interval and confidence intervals reflect our interval’s probabilistic
ability to capture the quantity in question.

X —t" <X+ t*

a-<
n=H

3Both methods yield the same results in the end, however. So we are free to pick either.
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Chapter 7 — Unbiased Estimators

In this chapter we discuss and give various examples of unbiased statistics, giving some
advantages and disadvantages of these estimators. Before we talk about unbiasedness, we
define what statistical bias is.

Definition 7.0.1 (Statistical Bias). The statistical bias or bias is the difference between
the expected value of the estimator (X, ..., X,) and the parameter to be estimated g(6).
In other words,

bias = E [§(X1, ... X,)] — 9(8) = E(B(X1, ... Xn) — 9(8))
&

In a sense, the bias of an estimator tells us how 'off’ or 'non-centered’ that estimator is with
respect to the parameter in question. The estimator is a random variable and will rarely be
g(0), but when it is centered about g(8) in distribution we can have 'on average’ a better
estimate (most of the time). When the statistical bias in non-existent, we have what is
known as unbiasedness.

Definition 7.0.2 (Statistical Unbiasedness). An estimator §(X1, ..., X,) is unbiased when
bias = 0. That s,

bias = E[0(X1, ..., X,)] —g(6) =0
= E[0(Xq,.... X,)] = g(0)

L J

Now that we know about bias, we can find an alternative form for the MSE that we defined
in 3.

Corollary 7.0.1 (MSE Bias-Variance Form). Ifd(Xy, ..., X)) is an estimator of g(6) and has



38

finite variance, then
MSE = [bias(6(X1, ..., Xo))]* + V[6(X1, ..., X»)]
Proof. We begin with the definition of MSE and work from there:

MSE = E [(6(X1, ..., Xn) — 9(6))?]
= E[6(X1, ..., Xp)? = 26(X1, ..., Xn)9(8) + 9(6)?]
= E[6(Xy, ... Xn)2] = E[6(X1, oo Xo)IP + E [6(Xq, ..., Xo)P?
—29(0)E [6(X1, ..., X»)] + g(6)?
= V[6(Xq, ..., Xo)] + [E [6(Xq, ... Xo)] = 9(O)]
= V[6(Xq, ..., X)] + [bias(6(Xq, ..., X )]
= [bias(6(X1, ... Xa))]* + VI6( X1, ... Xp)]

as we sought to show. O
We now give some examples of unbiased estimators.

Example 7.0.1 (Sample Mean). Suppose X1, ..., X,,%/Pe and g(0) = E(X;) forany1 < i <n,

then we find that X is an unbiased estimator for g(8). This is because

The MSE then becomes MSE[X] = V/(X) = V/(X,)/n since the bias is 0.

Example 7.0.2 (Comparing Estimators). Suppose Xi, X», X3 % exp(6) where X, =
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lifetimes of electronic components. We know the following from calculation

3 3 3
T Z?:lX/ X1+ Xo+ X3
2

GI\/ILE =

~

Gunbiased - m
4

2430 X

GBayes -

and

~

22

4 <9unbiased) = ZG2 = 6°
A 9

V () = 76°

which can yield

MSE (éunbiased) = ¢°
A 9 62
MSE (Buie) = =6° + — = 2.56°
4 4
Notice that MSE (Bunbiased) < MSE (8mie), suggesting that the unbiased statistic has a
lower chance of error than the MLE. In practice MSE (égayes) cannot be computed directly
so we use simulation of the sampling distribution of éBayes to obtain it. We find, however,
that MSE (Dgayes) < MSE (Bunbiased). So, in terms of MSE alone a Bayes' Estimate has
lower error chance and an unbiased estimator is chosen above the MLE.

v

7.1 Unbiased Estimation of Variance

Using the concept on unbiasedness, we can construct an unbiased estimate for any variance

o°.

Theorem 7.1.1 (Unbiased Estimator for 02). Suppose X1, ..., X, Py 0eQ and g9(0) =
V(X;) =02 for any 1 < i < n, then

n

R 1 .
63 = > (X —X)?

n—1

=1

is unbiased for g(6).
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Proof. Consider 02 = > (X; — X)2. We know that

T n

n n

D (Xi=X)P = (Xi— )* = n(X — p)?

i=1 =1

and this allows us to write the form of E (03) as

E(o2)=E %Z(X, — X)?

~e |30 -wr| - 1% - w1

Since E(X;) = w and V(X;) = E ([X; — E (X)]?) = 02 we have

E ([Xi—u]?) =07
= E 1zn:(X-—u)2 — lzn:cﬁ =0
ne (P
Similarly, E(X) = p and V/(X) = 02/n since X, ..., X,, are i.i.d and this implies
E[(X — 7] = o/
n—1,

— E [og] =02—02/n:70

. . _ n—1\"" n _
To make an unbiased estimator, then, we multiply 03 by (T) = (ﬁ) to yield

2 _ n 2
0y = <—n—1)00

as unbiased for o2. O

Example 7.1.1 (Sampling from Normal Distribution). If X1, ..., X, ~ N (i, 02), then 62, .
is a biased estimator for a2. We know this because

= 63 = biased from theorem above

v

Sometimes, we can have multiple unbiased estimators as the following example illustrates.
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Example 7.1.2 (Sampling from Poisson). Suppose Xi, ..., X, e Poisson(0), then we know
E(X;)=0 V(X)) =0
If we wish to unbiasedly estimate 8 we have

6, =X (unbiased)

6, =062 = (X; — X)? (unbiased)
and further for any a such that —oo < a < oo the estimator
b = aX + (1 — )5?
Is unbiased as
E (0a) = E [aX + (1 — )67]
=ab+(1l—a)f=20

Hence, there can be many unbiased estimates, they are not unique.

Remark 7.1.1. Given that we have several choices/options for estimators that are unbiased,
which one do we choose?

— Typically, we choose the estimator with the smallest variance.

Example 7.1.3 (Minimum MSE 62). Suppose X1, ..., Xp S N'(, 02) and consider estimating
2. We know

1
65 =062 = E(X/ - X)? (biased)
62 = nT(X/ — X)? (unbiased)

Does 6% have a smaller MSE among all estimators? We can begin to get an answer if we
look at the general case

e = ci(x,- — X)? (c >0)

Recall that >°7_ (X; — X)? ~ a2x2_, which implies that ¢ ., (X; — X)? ~ ca?x2_,. This
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makes its summary statistics as

E(T.) = co*(n—1)
V(T.) = c?0*2(n—1)

by properties of the x? distribution. The MSE for T. then becomes
MSE(T.) = bias(T.)?> + V(T.)
— (E[T] - )’ +V(T.)
= (co?(n—1) — 02)2 + c?0*2(n—1)
=o*[(c(n—1) = 1)* +2c%(n—1)]
and is minimized by choosing n=1/n+ 1.

Therefore, the estimator of the variance with the lowest MSE is
1 v \2
Tin1 = m(xi - X)

and this is true for all 0®. Our results show that T, /n and T1,_1 are both inadmissible because
they are dominated, with respect to squared error loss, by Tyn41. In addition, C. Stein (1964)
further showed that T/, Is also inadmissible.

v

7.2 Issues with Unbiasedness

While unbiasedness can help as a deciding factor for choosing estimates, it has limitations.
For instance, unbiased estimators do not always exist for every statistical situation and they
can sometimes lead to 'silly’ estimators that do not make intuitive sense.

Example 7.2.1 (Geometric Distribution). Suppose p = chance of success, X =
#of failures before a success and all trials are independent of each other, then X ~ Geo(p)
and the mass function is

P(X =x)=p(1—p)* (x=0,1,2,..)

An unbiased estimator p of p is one such that E(p) = p. One quick way to obtain p is to
simply set p to 1 when x = 0 and 0 otherwise giving

. J1 x=0
P=Y0 x>0
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As verification,

K

E() =) p(x)-p(1=p)*=p+0=p

x=0
It can be shown that this is the only unbiased estimator. But there is something off about it.
If we observe a success without any failures, then we think that a success will always happen,
.e. p=1. Also, just observing a single failure before one success leads us to believe there is

no chance of a success, i.e. p =0 when we just had one success. This is counterintuitive.

v

Example 7.2.2 (Poisson Distribution). Suppose X ~ Poisson(\) and we want to estimate
e~ where A > 0. We know

X

A
N A
P(X=x)=c¢e o

2A

and by examining e~<"'s Taylor series we can come up with the unbiased estimator

e/—\” _ 1 x even (_1)X
-1 x odd

As verification, we note the Taylor series for e=2* is

ef2>\ f>\ 7)\ [i X]
OO_ X )\ X A=A
ZO( 1)*(A)*e

and the expectation of e=2* |s

E(e?) = i( 1) - e *AK

x=0
B ce (_1)x>\xef>\
_Z x|

x=0

Since both forms match, we have E (e—x) = e~ 2* which fits the definition of an unbiased
estimator.

v
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Chapter 8 — Fisher Information

The Fisher Information Z(0) of a parameter 6 measures how helpful an observation or set
of observations are in determining (estimating) the true value of 8. The higher Z(6) is, the
more the data gives us an idea of what 6 could be. The lower Z(0) is, the less the data gives
us an idea of what 8 could be and we would need many more samples to correctly (within
probability) estimate 6. To define the Fisher Information of a data point or a sample, we first
examine the likelihood curve f(x|8). To make the math easier, we take the logarithm of this
curve and set it as A(x|0) = log f(x|@). When this curve has high curvature (or high peaks),
the data is helpful in estimating 8—low curvature means the opposite.

Intuitively, then, this would mean that the Fisher Information is related to X% in that

higher values of it mean more information. Since —oco < X'(x|0) < oo, we can square it and
marginalize out the data (by expectation) to obtain some form of information the data point
has on 6. Hence, we can set Z(6) = £ [(N'(x]8))?|6]. This is an intuitive explanation of the
concept of 'Fisher Information’. We now formalize this idea below.

8.1 Fisher Information for a Single Random Variable

We can define Fisher Information as follows.

Definition 8.1.1 (Fisher Information for one r.v.). Suppose X ~ P : 6 € Q and its p.d.f (or
p.m.f.) is f(x|0) > 0 forall x € S,0 € Q for 8 unknown. We further assume 2 C (a, b) C R
where (a, b) is an open interval on the real line R. We then define

A(x|6) = log[f (x[6)]

and assume f is twice differentiable in 8. This means that

N (x]0) = 6%((9)29) (exists)
_0°A(x]6)

T

\'(x|6) (exists)
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We then define the Fisher Information as

7(0) = £ {[X(xw)f

’

7(6) = / B [N (x]0)]7 £(x|6)dx

in other words,

L J

In practice, the above integral can be complex to calculate, so we have the following theorem.

Theorem 8.1.1 (Fisher Information Variance Form). If we assume we can calculate

0° 0?X(x|6)
50 /XES A(x|0)dx = /XES T dx

= / N (x]6)dx
XES

and the integrals exist, then
Z(0) = —E N"(x[0)]6] = VIXN'(x]6)]6]
Proof. We will first show E [X'(x]6)|6] = 0. We work from definition and note here that

f'(x16)
f(x16)

X (x|6) =

and differentiation under the integral sign is allowed. We can then have

E [N(x]6)]6] = / . 7;((;'99)) F(x|6)dx
:/XES F(x]0) dx
:% [ gy

We can now state X (x|0) = N (x|0) — E [N (x|0)|6] and the definition of Fisher Information
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can be seen as

ﬂw:E{wwmf

g

:E&xwm—Ewammf

/
= V[N (x]6)|6] (def. of variance)
For the next equality, we compute the form of \”(x|0) as follows
f(x|6)F"(x|6) — [F'(x])]?
[f(x]6))?
_ "(x]6)

Fode) XG0

N'(x|0) =

(quotient rule)

By this fact, we can see if we take expectations assuming some value of 6

E[N"(x|0)|6] = E {f;((;]'@e)) 9} — E [N(x]6)?|6]
_ FI(X19) ¢ i0vdlx —
= [, gy T~ 70
:/ "(x|0)dx — Z(0)
XES
82
=l Z(6)
= —Z(0)

which implies
Z(0) = —E[X"(x16)16]

too. This leaves Z(0) = —E [\"(x]6)|6] = V[N (x]6)|0] as we sought to show. O

Example 8.1.1 (Bernoulli Z(0)). Suppose X ~ Bernoulli(p), then f(x|0) = p*(1 — p)}™>
which implies that

A(x|p) = xlog(p) + (1 — x)log(1 — p)
1—x
1-p

" X I—x X 1—-x
— X =%~ ==~ (5 *+ o=y

= N(xp) =7 -
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97
This then makes the Fisher Information as
X 1—x
7 = —EI)\(x ’ }:E{—Jr—}
()=~ {NGip)lo} = £ [ 2 + 22
1 I 1
p 1-p p(1-p)

v

If we have multiple parameters 8 = (64, ...,0,) then we develop what is known as a Fisher
Information Matrix Z,. For the two parameter case 6 = (61, 6,), this matrix looks like

0° 0°
502 (10 55 5 A (x10)
Io=—E
02 02
5855, 010 5gA(x1)

and is a measure of how well the observation X can help us estimate 6;, 65, and 61, 6> jointly.
More generally, the Fisher Information Matrix for 8 = (64, ..., 6,) can be given by

To = E [VoA(x]|0)VeA(x[0) ]

0
a0 00 8
_F ; (%A(X\G) o x(xye))
P I ”
00,
L Fe) - Te.e)
7(6,.6,) ... I(6,)

where the prime denotes vector transpose. The equality (x) can be derived via the method
[2] gave:

Theorem 8.1.2 (Fisher Information Hessian Form). The Fisher-Information Matrix can be
written as

7(6:) ... Z(61,6,)
7, - . , .

z(e,,:, 61) z(é,,)
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where 52
7(6,,6;)) = —E {WMX@} i,je{1,...,n}

in this case. Note that Z(0;,0;) = Z(0;) by definition.

Proof. We define D; = a%, and D;; = ae 55 With this we find out the form of any entry in
Zy or D; j\(x|0):

Dij\(x|6) = Di [DX(x|0)] = D [2%%?}
_ Dif(x16)  Dif(x|8) D;f(x|6) i
GO fqutent 1)
(:)%(l?)@) aaex( 0) s A(xle)

If we allow differentiation under the integral sign, then we can compute the expectation of
D;;f(x|6)

f(x]0)
D;,f(x[0)] D, ;f(x]0)
E{ (xlo) } = [ Sy oo
:/ D,Jf(xlé)dx
XES

= D,"J‘/ f(X|9)dX
XES

—D;;1=0

With this, we are ready to compute the expectation of the equation (x):

E[D,-,J-Mxre)]:E[%ﬂ;'f)] —E[:@ A1) 35 A1)

_ {a% A(Xyg) (X\G)] = —1(6:.6))

as we sought to show. (]

With our understanding of Fisher Information for a single random variable X, we can write
the steps to finding such information:

Steps to Finding Z(6)
Step 1 Find the p.d.f or p.m.f. of X, f(x|6)
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Step 2 Take its logarithm to get A\(x|0) = log [f(x|0)]
Step 3 Take the second derivative of A(x|0) to get \”’(x|0). For the two variable case,
2

compute the mixed derivative mk(ﬂ@).

Step 4 Find the expectation of this quantity with respect to X: E [X"(x|6)]6]
Step 5 Flip the sign of this expectation, this is the Fisher Information Z(0) = —E [X’(X|9)]9}

(

Example 8.1.2 (Normal Distribution Zy). Suppose X ~ N (u, 02). We split our analysis into
3 cases.

Case 1: pu unknown

e In this case we know that

1 1 ,
f(X|:u’)_\/WeXp{_F X—,U;) }

which implies

1 X — 1)
A(x|u) = -5 log (27m0°) — %
X—
= N(x|p) = —
o
1
= N'(x|u) = — (a constant)
= Iw) = -

Case 2: 02 unknown

e In this case we compute N'(x|c) with respect to o:

d 1 (x — wu)?
/ 2y _ T ) _— 2y _\~ M/
N (x|o?) = 80{ 2Iog (2m0?) 553
1 _ 2
S G
o o

Which then leads to

1 3
2\ 2
N(x|o?) = Pl (x — )
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This allows us to compute the Fisher Information as

s -elotrone] -+ 2] (5]

Case 3: both u and o2 unknown
2

e In this case we create the Fisher Information Matrix. We evaluate wk(ﬂ w,o?)
2

and 8_;1,2>\(X|M' a2) which have the same forms as in the cases 1 and 2. In addition,

we have to evaluate the mixed derivative

2

oudo

X(x|w, o). We proceed as follows

2

Axls. o) = 2 [a%x(xm. a)}

oudo
0 1 (x—p)?
_au{ o T o3
_ 2(x—w)
=——

This gives us the joint Fisher Information as
—2(x —
o

The Fisher Information Matrix becomes

Lo = (1/002 2/Oa2>

2

oudo

A(x|u, o)

I(u,a):E[

8.2 Fisher Information for a Random Sample

Now that we know how to compute the Fisher Information for a single sample, we can
discuss how we would (in most practical applications) use it for a random sample Xy, ..., X,,.
Since each sample provides Z(8) amount of information, it would make sense that n of those
samples contains the sum of all the information given or nZ(6). We formalize the concept
below.
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Definition 8.2.1 (Fisher Information for aXi, ..., X,,). Suppose X1, ..., an;'i\cleQ 10 € Q, f(x0)

is the p.d.f or p.m.f. for each variate, and 6 € (a,b) C Q. We define X\(x, ..., x,|0) as
——

open interval
AXq, .., X0|6) = log [f(x1, ..., Xn)]

The Fisher Information for X4, ..., X, is then defined as

d

:/XGS (X1 e Xl O £t 30]0) X

Z,(0) = E {[Xn(xl, o X0|0)]

where X = (X1, ..., X,) and S =S x --- x S. As before we can show

!

Z,(6) =V {Xn(xl, ...,xnIG)'Q}

=—E | N/(x1, ..., xn]0)

Theorem 8.2.1 (Fisher Information for Xy, ..., X, Simplification). IfZ(6) = —E [AZ(X!@) 6

is the Fisher Information for a single random variable X and set of parameters 6 = (04, ..., 0,),
then for a random sample X, ..., X, from this population we have

Z,(8) = nZ(8)

Proof. We begin with the likelihood function f(xi, ..., x,|0) and create a new form for it

F(X1, ... Xn|6) = H f(x0)
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This implies
An(X1, ..., Xn|0) = log [ﬁ f(x,—]@)]
= > log [(x/0)

= ZMX/‘W)

This can be used to give new forms for A and \”
Xy (X1, .o xal0) = > N (x:16)
=1

Xo(xt, o xl0) = ) X'(xil6)
i=1
We can now compute the Fisher Information

Z,(0)=—-E [AZ(XL ...,xn|9)’9]
,zn;xx(x/w)]

=D —EN(xlo)]

= nZ(0)

=—EF

as we sought to show. Note that this works for mixed derivatives as well. U]

Corollary 8.2.1 (Fisher Information Matrix for Xy, ..., X,). If we take a random sample
X1, ..., Xn with multiple parameters 6 = (64, ..., 0,), then the Fisher Information Matrix Ly ,,
is given by Ly, = nZ,.

Proof. Since Z,(6) = nZ(0) and Z,(6;, 8;) = nZ(6;,9;), we have

nZ(61) ... nZ(6,6,)
Lo, = : "o, :
nZ(6,,61) ... nZ(6,)
= nZy

as we sought to show. More samples, give us a directly proportional amount of information.
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Example 8.2.1 (Customer Arrivals). Suppose we own a store and wish to study the rate at
which people come in. We have two sampling plans

e Sampling Plan 1: fix n = # of customers and note the time it took to observe that
many of them or X = time until first n customers. If we assume a rate of 8 customers
arriving in a fixed unit of time and W; ~ exp(6) inter-arrival times, we have

X = Z\/\/, ~ Gamma(n, 9)

i=1

e Sampling Plan 2: fix a time t and observe Y = # of customers arriving at time t.

Then we have
Y ~ Poisson(6t)

where 0 is the arrival rate (same one as with plan 1).
We can, with some calculation, prove that the Fisher Information for X and Y are

Tx(0) = 5 T(0) = ¢
We can see from the above information that Zx(0) = Zy(0) only when n = t-60. This means
we have the same information only when the number of customers we wait for in plan 1 is
equivalent to the amount of time we fixed in plan 2 multiplied by the rate 6 that is the same
for both plans. That is, the number of customers we wait for is the average amount that
would come If we fix some time t.

v

8.3 Cramér-Rao Lower Bound (Information Inequality)

Using the idea of Fisher Information, we can prove the minimum value a variance can have
from some estimator T = r(Xy, ..., X,). This is known as the Cramér-Rao Lower Bound
or Information Inequality.

Theorem 8.3.1 (Cramér-Rao Lower Bound (one parameter)). Suppose X1, ..., X, Py 0 e

Q where 6 € (a,b) C Q C R. We then define a statistic T = r(Xy, ..., X,) with finite

variance and set
m(6) = E(T) (m(6) differentiable in 6)
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then, o2
m
= 2]
Proof. \We know ” (X1, o X0|6)
i\l aaag n|9) m
This makes its average as
E N (x1, ..., xn]0)] :/ X1, ..., Xp|0)d

Since Cov(X,Y) = E(XY) — E(X)E(Y), we can state Cov [N, (X, ..., x,|0), T] as

Cov [N, (X1, ..., xal0), T] = E(T X, (x1, ..., xn]0)) — E(T)F(A;(Xl, X,J@))J

= E(TX.(xq, ..., x2|0))
From here we expand E(T X, (xi, ..., x,|6)) to find another form for it
E(TN (x1,....,x,]0)) = / tNL (X1, . X |0)F (X1, oo, X0]0)d X

S

:/tf’(xl,...,xn|9)dX
S

= / r(xq, ..o o) (X1, ..., x5|0)d X
S

If we allow differentiation under the integral sign, then we have

E(TX (x1, ..., xn]0)) = (;39/ r(xq, ..., xn)f(x1, ..., x,|0)d X

9 :
= %E(T) =m'(0)

Hence, m'(0) = Cov [N, (x1, ..., X4|0), T]. If we note the Cauchy-Schwartz inequality,
|Cov(X, Y)> < V(X)V(Y)
we can see that

Cov [N (x1, ... x2]6), TI> < V(N (x1, ... xq|0)) - V(T)
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but, m’'(6) = Cov [N, (X1, ..., x»|0), T] so this is equivalent to

[ ()] < VN (x1, .., xal6)) V(T)
7,(0)

(') _ [m'(0))°

7,(6) nZ(6)

= V(T) >

as we sought to show. O

We arrive at a nice fact for the variance of unbiased estimators

Corollary 8.3.1 (Unbiased Estimators C-R Lower Bound). If T = r(Xy, ..., X,,) is unbiased
for 6, then .

T)> ——

V(1) 2 2@

Proof. Since T is unbiased, we have E(T) = m(8) = 6 which implies that m’(8) = 1. Using
the C-R bound we just proved we see

1

V(T) > Z00)

as we sought to show. O

Example 8.3.1 (Exponential Distribution). Suppose X, ..., X, 1 exp(B), then we know
f(x;) = Be™P% for x;, > 0. We wish to estimate B with T = (n —1)/>. X; and see
how much it varies. For the denominator in T we know > X; ~ Gamma(n, 3) and this lets
us see the average and variance for T as

E(T):(n—l)E{ﬁ} :Mﬂ%:ﬁ
) 1 _ 2 _ ,62

This shows T is unbiased for B as well as its variance as 3%/(n—2). Let’s see if it meets the
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Cramér-Rao lower bound. First, we compute the Fisher Information for this sample

A(x|B) = log B — Bx

— N(xIB) = £ —

B
— N(XB) =~
— 2(6) = ~E [V (x1B)]6] = 5;
= I,(B) = B—nz
Since, T is unbiased, we have m'(B8) = 1 and the C-R inequality is
Nz =2

and indeed V/(T) = B?/(n — 2) > (3%/n, but notice V(T) # B?/n and is higher than the
lowest possible variance we can have for an estimator (the lower bound).

If we estimate B with T* = X ~ Gamma(n,3)/n, then we find

Ewﬂzﬂm:é

. 1
Let's see what the C-R lower bound is. We know m'(B) = —1/B% and this makes the
Inequality
/ 2 212
=1
v > O _ 107
Zn(B) n/B
1
nB?

But, V(T*) = 1/(nB?), so T* = X achieves the C-R lower bound and is the best estimator
(in terms of variance) amongst all that have m(B) = 1/8.

v

8.4 Efficient Estimators

When an estimator achieves its C-R lower bound, it is said to be efficient. More precisely, we
define it as follows.
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Definition 8.4.1 (Efficient Estimator). T is an efficient estimator of m(6) when

V(T) = [”17;((%))]2 V€ Q

LJ

In the following discussion, we assume Xi, ..., X, YR 0 e Q and f(x|0) satisfies the

conditions for the Information Inequality.

Theorem 8.4.1 (Efficient Estimator Distribution). Under the conditions given above and
assuming |m'(6)| > 0, we have

VZn(9)
i) (T~ m(@)~N (.1

as n— oo.
Proof. We note that X, (x1, ..., x,10) = D7 N (X, ... x,|0) and by the Lindeberg and Lévy

central limit theorem, we can conclude

N (X1, .eny Xn|0)

VZn(6)

~ N(0,1) n — oo

We also know

E(T) = m(6)
V(T) = [,727;((99))]2 (T is efficient)

and since V(N (x1, ..., X,|0)) = Z,(0) as well as V(T) = p(Z,(6)) for some function p, we
must have T = €(\ (x1, ..., X,|0)) for € as

e(u(8), v(0)) = u(O)N (x1, ..., x,|0) + v(6)

For our purposes, we set

v(0) = E(T)
© =70
This makes T as /
T — M}\;(xl, 0 Xn]0) + E(T)

- L,(9)
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which implies

T—E(T)  Xa(x1, ..., X4|0)

mg) 7,(6)
Z,(6) (X, X0|0) .
7 (0) (T —m(0)) = 70 (E(T) = m(8))
Which leads to @
Z,(6
7 (6) (T —m(6)) ~N(0,1)

as we sought to show. Il

Corollary 8.4.1 (Efficient MLE's). For efficient MLE's 0, = O, we have as the immediate

consequence X
VZn(0)(Omie — 6) ~N(0,1)

Proof. Since we are talking about MLE's, m(8) = 6 and m’(6) = 1. We then substitute
these values for the ones in the above theorem. O

Side-Note: Even if the MLE is not efficient, we can prove that if it is determined by solving
AN (x1, ..., x:0) =0
N (x1, ..., xn|0), N (x1, ..., x4|0) exist and certain regulatory conditions are satisfied, then
VI (0)Ouie — 0) ~N(0,1)  n— o0
such an MLE's are known as asymptotically efficient.

From a Bayesian Perspective, we can show that if 8, is the MLE and 6 has a prior defined on
it, that under large samples, the posterior has the following distribution

61Xy, ..., Xn) ~ N (64, 1/Z,(6,))

such a result is sometimes known as the 'Bayesian Central Limit Theorem'.

8.5 Cramér-Rao for Multiple Parameters

We now expand on the information inequality for 6 = (64, ..., 6,).
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iid

Theorem 8.5.1 (Cramér-Rao (Multi-Parameter)). If Xy,..., X, ~ Py : 6 € Q where 6 =
(61,....0,) € (a,b)" € Q C R" and we then define a statistic T = r(Xy, ..., X,) with finite
variance and set E(T) = m(0) that is differentiable, then we have

V(T) > [Vem(8)] T, 5[Vem(0)] =

6—91>\(X|9)

_ (.0 9 -1
_<8—91x(x|9) aenx(xw))znﬂ .

00,

A(x[6)

Proof. Beyond scope of course. However, it can be completed if one knows some linear
algebra. If you are interested, please see [1] for a more in-depth analysis. ]
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